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1- Introduction

The term “estimator” or “filter” is usually utilized when one intends to extract

information of interest from (frequently noisy) data. Filtering procedures have a variety

of applications in fields such as communications, radar, imaging, biomedical engineering,

and financial time series forecasting [1; 2], among many others [3]. The task is often

difficult, especially when the environment from where the information of interest is collected

may change over time. Further complications arrive when prior knowledge about a

dynamic process is limited. Adaptive filter algorithms are popular schemes tailored for

these challenging configurations. They are indeed based on an approach that is somewhere

between the parametric and nonparametric ones [4].

Adaptive filtering algorithms are particularly advantageous when the signals or

the involved system vary over a period of time. Depending on the application and how

the adaptive processor is arranged they may work on: prediction [5], noise-cancelling [6],

system identification [7], adaptive beamforming [8], adaptive spectrum analysis [9], among

several others tasks. The plethora of applications for adaptive filtering is unquestionably

important to fields such as signal processing, communications, and control systems,

which are as much part of military systems [10] as of electronic devices utilized by an

average person on day-to-day life [11]. As an example, it is possible to mention cell

phone noise cancellation, which utilizes adaptive filtering schemes. Therefore, when its

loudspeaker is activated during a conversation, its microphone will be exposed to the

sound produced by the loudspeaker. In this case, without the noise cancellation, it would

reproduce echo ad infinitum, which harms the communication’s intelligibility.

A detailed list containing all adaptive filtering applications would be too extensive

since it only grows over time. One factor that explains such a fact is that they rely

on software and microprocessor units, which are becoming cheaper through the years.

Therefore, one is able to implement adaptive filtering algorithms on virtually any engine-

ering application, where it is possible to collect data and insert it back modified by an

algorithm.

There is a multitude of adaptive filtering algorithms and many more will yet be

invented. It is expected that all of them operate under environments in a stable manner,
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which is not a trivial task due to the inherent feedback in their learning procedure. This

means that many of these algorithms may not reach the purpose they were intended for,

which requires tools to analyze their efficiency, tracking abilities, and stability.

Many performance metrics are commonly utilized for assessment purposes, such

as the mean square deviation, the mean square error, and the convergence rate. In

this thesis, the learning capabilities of the least mean square (LMS) algorithm will be the

focus, since no other adaptive algorithm has been so successfully placed in commercial

products [12].

Abstracting hardware idiosyncrasies, this thesis advances stochastic models that

predict some operating characteristics of a specific design. Thus, it focuses on stochastic

models of adaptive filtering algorithms rather than on their physical implementation. Such

models usually rely on theoretical constructs and statistical hypotheses that are employed

to explain and/or predict phenomena and are judged according to their ability to do so.

Most of the time, modelers intend to derive practical guidelines from their analyses. In

other words, usually the explanation ability of one model for an adaptive filter is emphasized

at the expense of their prediction capabilities. Interestingly, the opposite is quite true in

contemporary physics, where often the prediction ability of a theoretical model is the

ultimate goal.

The discrepancy between the predictions of a specific stochastic model and the

actual behavior of an adaptive filter occurs since analyses are conducted under some

statistical hypotheses. Some hypotheses are too strong and are violated in effect. Since

the learning dynamics of an adaptive filter is extremely sophisticated, the motivation for

using such hypotheses is twofold since they i) avoid lengthy algebraic manipulations and

ii) help to derive an easy-to-understand guidance to the designer. Due to ii), one may

conclude that there exists a conflict between the explanation and accuracy dimensions of

a stochastic model. Due to this tension, the learning process of the LMS, the most simple

adaptive filter, remains understood very poorly [13].

Although it is not our intention to disregard the significance of obtaining qualitative

insights about one algorithm’s behavior, this thesis is more unconventional, in the sense

that it is committed to extracting more accurate predictions from these models. It should

be clear to the reader that this goal is not an unfounded one, since questions such as

“When one chooses this specific value of the step size, will the algorithm diverge?” are

indeed very important. We should not necessarily understand prediction and explanation
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capabilities in zero-sum terms. Learning that explanation capabilities are important is

not a reason to think predictive capabilities are unimportant, since a realistic description

of the learning dynamics still is fundamental. Thus, this thesis intends to offer several

predictions about the learning characteristics of the LMS, to answer important questions

like the above in a manner much more accurate than traditional approaches do. At any

rate, it should be noted that divergence is a catastrophic event that renders the adaptive

filter useless and even harmful to the intended application, and it is expected that at least

some models might predict accurately whether it occurs or not.

Out of the hypotheses mentioned above, the most troublesome one is the wide-

spread independence assumption, commonly encountered in the stochastic approxima-

tions field [14] and widely used in the dynamic convergence analysis of adaptive algori-

thms [15]. Such a strong stochastic hypothesis states that the adaptive weights are

statistically independent of the input samples that currently feed the adaptive structure.

In fact, such a hypothesis is clearly violated in practice in tapped-delay line structures,

since they impose a deterministic coherence between consecutive input vectors. Due

to this fact, some authors claim that the expression “independence heuristic” is more

adequate than “independence assumption” [16].

It turns out that the independence assumption renders the resulting stochastic

model inaccurate when a non-infinitesimally small step size factor is adopted, especially

when non-normalized algorithms (such as the LMS) are utilized. However, some potential

advantages of adaptive filtering schemes may become apparent only for large step sizes

[17]. Furthermore, instability issues are commonly encountered when the step size

presents a large magnitude. Thus, the traditional analyses cannot even accurately predict

an upper bound for the step size that guarantees stability. Such an issue, widely recog-

nized in standard textbooks about adaptive filtering [3; 18; 19], should raise concerns

since divergence is a very harmful kind of failure.

This thesis skirts such limitations using the exact expectation analysis (EEA),

in which references [20; 21; 22] pioneered. In loose terms, the EEA is a systematic

constructive procedure that utilizes algebraic manipulations for the generation of a system

of equations that model in a precise manner the learning behavior of an adaptive filter.

The analysis is computationally intensive, requiring a judicious and efficient design of

the programming code. It is also positioned at an extreme point of the explanation

versus prediction dimensions, giving much more weight to the latter than to the former
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one. Thus, its enhanced prediction capabilities come with a price, since the amount

of qualitative factors that drive the algorithm performance is strongly reduced under the

devised approach.

1.1- Objectives

Succinctly, the main goals of this thesis are:

1. To devise an accurate model of the LMS learning capabilities when the plant it

intends to identify contains nonlinearities.

2. To provide an accurate model of the LMS learning behavior when the unknown ideal

plant varies according to a first-order Markovian model, even when the unknown

system presents a high nonstationary degree.

3. To provide an optimization problem whose solution is a deterministic sequence of

step sizes that maximizes the LMS performance.

4. To analyze asymptotic properties of the weight error covariance matrix, without the

usage of the widespread independence assumption.

It should be emphasized that all these contributions are under the umbrella of the

exact expectation analysis so that their predictions are precise even when the learning

step size presents large values. In the following, we present some motivations for the

aforementioned goals.

The motivation for studying the LMS learning abilities in the case of a nonlinear

ideal plant derives from the fact that frequently the linear model is not realistic, which

is especially important when the input signal range is large or the nonlinearities’ impact

on the single-valued output is not negligible [23]. Several nonlinear phenomena might

cause such nonlinearities, such as operation near the saturation region, intermodulation

distortion, and diffusion capacitance, which are more important when cheap transducers

are employed [24; 25; 26; 27]. Since a linear model is assumed for the plant to identify,

it is important to obtain theoretical guarantees concerning the algorithm’s performance

when such a condition is not fulfilled.
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One of the main advantageous features of adaptive filters is their tracking ability.

Unfortunately, most published analyses focus on the stationary configuration, where the

involved ideal plant is time-invariant. In practice, often this is not the case. Thus, this

thesis for the first time extends the EEA approach to modeling the tracking scenario,

where the ideal plant varies over time according to a random walk model. As will be seen,

the adoption of the EEA brings an additional benefit, since it permits to model the case

where the nonstationary degree of the ideal plant is large. In such a configuration, the

predictions offered by traditional analyses are not precise.

The choice of a fixed step size engenders a trade-off between convergence rate

and asymptotic performance. This trade-off can be circumvented by the adoption of

variable step size schemes, whose assessment often is carried out by comparisons with

theoretical optimal step size sequences [28]. In this thesis, such theoretically derived

sequences are obtained without the ubiquitous independence assumption. Since this

assumption is of little consequence only for sufficiently small step sizes does erode

sever- al results already reported in [35–39; 41; 42] as far as the optimal selection of

the step size is concerned. Further, the derived step size sequences are obtained for

the non-stationary case, where the ideal plant is time-variant. In such a case, the step

size should not converge asymptotically to zero, since it is necessary to preserve the

algorithm tracking ability. Further, the computation of such sequences for each adaptive

tap was carried out. After all, the usage of the EEA method avoids instability issues, which

may be encountered in the first phase of the learning when the standard independence

assumption is employed.

Lastly, computing the covariance matrix is one of the initial tasks in high-dimensio-

nal estimation analysis, as it offers insights into the uncertainties of the estimation process.

In adaptive filtering, the weight error covariance matrix plays a vital role in determining

how the filter adjusts to varying input statistics and noise levels. This matrix provides an

objective assessment of the uncertainties associated with the estimated filter coefficients.

This thesis presents an accurate modeling approach for this matrix in a steady-state

regime by employing the exact expectation model, enabling precise predictions even with

large step sizes.
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1.2- Publications

The publications directly related to this thesis are

• Silva, Thiago Teodoro Pereira; Lara, Pedro; Igreja, Filipe; Oliveira, Fernanda;

Tarrataca, Luís; Haddad, Diego B. “An Exact Expectation Model for the LMS Tracking

Abilities”, IEEE Transactions on Signal Processing, v. 68, p. 1-1, 2020.

• Lara, Pedro; Igreja, Filipe, Silva, Thiago T. P.; Tarrataca, Luís; Haddad, Diego B.

“Exact Expectation Analysis of the LMS Adaptive Identification of Nonlinear Systems,”

Electronics Letters, v. 56, p. 45-48, 2019.

The following publication, although related to this thesis, derived from the master

thesis of the author:

• Lara, Pedro; Igreja, Filipe; Tarrataca, Luís ; Haddad, Diego Barreto; Petraglia,

Mariane R. “Exact Expectation Evaluation and Design of Variable Step-Size Adaptive

Algorithms”, IEEE Signal Processing Letters, v. 26, p. 74-78, 2019.

It should be noted that there are additional references that cannot be considered

a straightforward result of this thesis, since their main contributions (even in the signal-

processing domain) were carried out by another researchers:

• T. T. P. Silva, F. Igreja, P. Lara, L. Tarrataca, A. Kar and D. B. Haddad, “On the

Skewness of the LMS Adaptive Weights,” in IEEE Transactions on Circuits and

Systems II: Express Briefs, vol. 68, no. 8, pp. 3022-3026, Aug. 2021.

• Resende, Leonardo C.; Pimenta, Rodrigo M. S.; Igreja, Filipe; Siqueira, Newton

N.; Petraglia, Mariane R.; Haddad, Diego B. “Analysis of the Least Mean Squares

Algorithm with Reusing Coeficient Vector”, Signal Processing, vol. 202, 2023.

1.3- Mathematical notation

Throughout this thesis, vector and matrices are represented with lowercase and

uppercase bold fonts, respectively, while scalars are denoted by italics. The symbol ⊗
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stands for the Kronecker product of matrices, and E [·] is the expectation operator. (·)T

denotes transpose and the vec(A) operator generates a column-type vector by succes-

sively stacking the columns of the matrix A (e.g., vec








a c

b d







 = [a b c d ]T ). The

symbol IN means the N × N identity matrix, whereas 0N denotes a null column vector

with dimensions N × 1. Operator Tr(A) denotes the trace of matrix A.

1.4- Structure of the thesis

This thesis is structured as follows: Chapter 2 describes the fundamentals of

the LMS algorithm. Chapter 3 presents some analyzes of this algorithm, with no claim

to exhaust the topic. Chapter 4 discusses about the EEA-based modeling of the LMS

learning capabilities when the plant it intends to estimate contains nonlinear effects.

Chapter 5 describes the devised model for the LMS tracking abilities when the unknown

transfer function varies according to a random walk model. Chapter 5 also presents

some contributions regarding to the optimization of step size sequences based on the

exact expectation analysis. Chapter 6 describes the devised stochastic model for the

asymptotic weight error covariance matrix. At last, Chapter 7 contains the concluding

remarks of the thesis.

For a better disposition of how the chapters were organized based on the published

articles:
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Chapter 1

Introduction
Chapter 2

LMS
Fundamentals

Exact
Expectation

Analysis

Chapter 3

2nd-Order
Stochastic
Analysis

Chapter 4

NLS
Identification

Article
Igreja,

et.al. 2020

Electronics
Letters

Chapter 5

LMS
Tracking
Abilities

Article
Igreja,

et.al. 2020
IEEE Transactions on

Signal Processing

Article
Igreja,

et.al. 2019
IEEE Signal
Processing

Letters

Chapter 6

WECM

Chapter 7

Conclusion

Article
Igreja,

et.al. 2023
*Submitted.

CSSP

Figure 1 – In orange: chapter without original contribution. In green: are chapters
with original contributions. In lilac: articles resulting from the research that have been
published in journals. In light gray: article resulting from the research that has been
submitted to journals.
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2- LMS Fundamentals

In the 1950s, online estimation or adaptive algorithms developed in two separate

disciplines: control and signal processing [16]. More recently, the machine learning

community has been involved with such methods, and indeed the original motivation for

devising the LMS derived from pattern-recognition problems. This thesis concentrates on

the signal processing aspects, which in general assume in an open loop setting, whereas

in control discipline a closed looping setting is the norm [16]. Adaptive filtering techniques

can be applied to several problems, such as temporal series prediction, channel

equalization, adaptive control, and system identification. The following discussions are

constrained to system identification tasks.

The operation of an adaptive filtering scheme can be characterized by four

aspects:

1. The signal that will be processed by the filter;

2. The structure that defines the filter output from an input signal;

3. Parameters inside a mathematical structure that can be altered to modify input-

output relation;

4. The adaptive algorithm itself describes the parameters adjusted to the next iteration.

In this thesis, the input signal is assumed to be wide-sense stationary, which

is a common assumption in the open literature, with a few exceptions [29; 30; 31].

The whiteness of the input signal is a very strong assumption utilized by numerous

references [32; 33; 34; 35; 36] and [37] claims that the theoretical results obtained

under this assumption are suggestive of fundamental design issues. This simplification is

avoided in this thesis, which permits to incorporate the coloring of the input signal in the

model. It is an interesting feature of an analysis, since the input signal’s autocorrelation

level may decrease the expected convergence rate of the LMS, for example [30].

The most popular structure in adaptive filtering schemes is the tapped-delay line

(also known as the transversal structure), which processes at each iteration the input
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vector x(k) defined as

x(k) ,
[

x(k) x(k − 1) x(k − 2) . . . x(k −N + 1)
]T

, (1)

where N is the length of the adaptive filter.

The disposal of the adaptive parameters wi(k) ∈ R (which should be adapted

purposefully) in a proper order gives birth to the adaptive weight vector w(k) ∈ R
N ,

designated by

w(k) ,
[

w0(k) w1(k) w2(k) . . . wN−1(k)
]T

, (2)

which leads to a concise formulation of the output y(k) ∈ R of the adaptive filter at the

k-th iteration, as an inner product:

y(k) =
N−1∑

i=0

wi(k)x(k − i) = wT (k)x(k), (3)

whose computation process is depicted by Figure 2.

Figure 2 – Transversal filter structure.

In supervised settings, a reference signal d(k) ∈ R is available, and the main goal

of the adaptive filter is that its output y(k) approaches d(k) as learning takes place. As

mentioned earlier, throughout this thesis, a system identification scenario is assumed. In

the case of a linear finite impulse response of the unknown plant, the reference signal is

often assumed to have risen from a linear regression of the form

d(k) = [w⋆]T x(k) + ν(k), (4)

where w⋆ ∈ R
N contains the coefficients of the ideal plant (whose transfer function

can be represented as W ⋆(z) = w∗
0 + w∗

1z
−1 + . . . + w∗

N−1z
−N+1) and ν(k) models

the measurement noise. Note that it is assumed that the length of the adaptive
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filter is equal to the length of the unknown ideal plant, a common assumption in the

literature [22; 38; 39; 40; 41; 42], although some analyses are not constrained by this

condition [43; 44].

Since a system identification scenario (depicted in Figure 3) is assumed, it is

expected that the adaptive filter w(k) converges asymptotically to w⋆. Due to the

stochastic nature of the adaptive identification, such a convergence is not strict, and it

is expected that the adaptive filter fluctuates around the optimal solution in steady-state,

presenting a Brownian-like motion.

x(k)

w⋆

w(k)
y(k)

−

+

+
d(k)

ν(k)

e(k)

Figure 3 – Adaptive filtering block diagram structure applied on system identification.

Several adaptive algorithms have been proposed to train the considered structure.

In general, they rely on the error signal e(k) ∈ R:

e(k) , d(k)− y(k) = d(k)−wT (k)x(k), (5)

which contains information correlated with the quality of the current solution w(k).

The focus of this thesis is the most popular of the adaptive schemes: the LMS

algorithm, whose relevance is emphasized by [18]:

“The LMS filter and its variants are an important part of the adaptive signal

processing kit of tools, not just for the past 40 years but for many years to

come. Simply put, the LMS filter has withstood the test of time.”
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2.1- The Wiener solution

The instantaneous error signal carries information about how good the current

adaptive weight vector w(k). Since it only establishes a stochastic kind of assessment,

ideally one should evaluate the solution quality based on the mean behavior. The most

popular strategy for this purpose begins with the square of the error:

e2(k) = d2(k)− 2xT (k)x(k)d(k) +wTx(k)xT (k)w, (6)

where w ∈ R
N is considered to be time invariant. Due to the attractive mathematical

properties of quadratic cost functions, often one considers the optimal solution the one

that minimizes the mean square error (MSE)

ξ , E
[
e2(k)

]
= E

[
d2(k)

]
− 2E[d(k)xT (k)]w +wT

E
[
x(k)xT (k)

]
w

= E
[
d2(k)

]
− 2pTw +wTRw, (7)

where

p ,











d(k)x(k)

d(k)x(k − 1)
...

d(k)x(k −N + 1)











(8)

designates the cross-correlation between the input signal and the desired response and

R , E
[
x(k)xT (k)

]
= E

















x2(k) . . . x(k)x(k −N + 1)

x(k − 1)x(k) . . . x(k − 1)x(k −N + 1)
...

...

x(k −N + 1)x(k) . . . x2(k −N + 1)

















(9)

denotes the input autocorrelation matrix.

The MSE is minimized when one sets its gradient w.r.t. w to zero, which leads to

the Wiener-Hopf equation

Rwopt = p, (10)
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whose solution wopt can be obtained in a closed-form manner when R has an inverse:

wopt = R−1p, (11)

also termed as the “Wiener weight” vector or simply “Wiener solution”.

Replacing w by wopt and Rwopt by p in (7) leads to

ξmin = E
[
d2(k)

]
−wT

optp = E
[
d2(k)

]
−wT

optRwopt = E
[
d2(k)

]
−wT

optRwopt, (12)

which is the minimum mean-square error that can be attained by the Wiener solution.

Considering e0(k) as the estimation error when the filter weights are set equal to

the Wiener solution, it can be proved that

E [e0(k)x(k)] = 0. (13)

Eq. (13) is a version of the widely known orthogonality principle, which states that

the optimum estimation error is uncorrelated with the filter inputs. If one denotes as y0(k)

the output obtained by the Wiener solution, this principle has a useful corollary:

E[e0(k)y0(k)] = 0, (14)

which shows that the estimation error and the output of the Wiener solution are

uncorrelated with each other.

After all, the computation of the Wiener solution (11) requires the exact statistics

of both R and p. For a given data sample, it can be obtained after estimating both R

and p, which is the main strategy of the exact least-mean-squares family of solutions.

An additional constraint for the practical implementation of the Wiener solution is that

it considers that the input-output mapping is time-invariant, so there exists only one

optimal solution for the entire dataset. Additionally, evaluating the Wiener solution is

computationally intensive. All of these limitations can be circumvented by adaptive

filtering approaches, which are low-cost solutions with tracking capabilities that do not

demand prior knowledge about the statistics of the involved signals.
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2.2- The steepest descent method

Since the MSE is a convex function of the set of parameters, its minimization

can be obtained by gradient methods. The steepest descent is one of them. It makes

recursive modifications of the weight vector along the direction of the negative gradient of

the MSE [3], which utilizes the gradient of the MSE w.r.t. w:

∇wξ = 2Rw − 2p (15)

in order to modify the current estimate w(k) by

w(k + 1) = w(k)− β∇w(k)ξ (16)

where β ∈ R+ is an user-defined positive scalar termed as the “step size” or the “learning

factor”.

Substituting Eq. (15) in (16) leads to

w(k + 1) = (I − 2βR)w(k) + 2βp. (17)

The convergence of the steepest descent can be better understood when

recursion (17) is rewritten in terms of the deviation vector w̃(k) ∈ R
N , defined by

w̃(k) , wopt −w(k). (18)

The combination of (18) and (17) leads to

w̃(k + 1) = w̃(k) + 2βRw(k)− 2βp. (19)

Since w(k) can be expressed as wopt − w̃(k) (see (18)), Eq. (19) may be

converted into

w̃(k + 1) = w̃(k) + 2βRwopt − 2βRw̃(k)− 2βp. (20)
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Further, as long as Rwopt = p (see (10)), one obtains the recursion

w̃(k + 1) = [I − 2βR] w̃(k). (21)

Equation (21) may be utilized to obtain a better understanding of the steepest

descent’s learning convergence in terms of the eigenvalues of the input autocorrelation

matrix R. Such a matrix can be decomposed by

R = QΛQT , (22)

where the i-th column of Q contains the orthonormal eigenvector qi ∈ R
N , whose

corresponding eigenvalue λi is positionated at the i-th element of the main diagonal of

the diagonal matrix Λ. By using standard manipulations [3], it is possible to establish the

following recursion

v(k + 1) = (I − 2βΛ)v(k), (23)

where

v(k) , QT w̃(k) (24)

designates the rotated deviation vector. Eq. (23) decouples the distinct converge modes

of the steepest descent, which leads to independent scalar recursive equations

vi(k + 1) = (1− 2βλi)vi(k), (25)

for i ∈ {0, 1, . . . , N − 1}, where vi(k) is the i-th element of v(k). In terms of the initial

values vi(0), (25) may be employed to describe vi(k) in a closed-form manner:

vi(k) = (1− 2βλi)
kvi(0), (26)

which implies that the convergence of w(k) to wopt occurs if v(k) convergences to the

null vector. Such a convergence is guaranteed when

|1− 2βλi| < 1 ⇒ −1 < 1− 2βλi < 1 ⇒ 0 < β <
1

λi

, (27)

for i ∈ {0, 1, . . . , N − 1}. The learning factor should satisfy the N constraints (27) in order

to obtain asymptotic convergence. The more strict constraint is encountered when λi
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attains its maximum value λmax. In other words, the N conditions (27) can be succinctly

expressed as

0 < β <
1

λmax
. (28)

Whenever condition (28) is fulfilled, the scalar parameters vi(k) decay

exponentially as long as k increases. Note that (25) conditions the stability in terms

of the input statistics. Such a relationship gives important insights for the designer and

sometimes is provided by some stochastic analyses, especially under simple cases or

when statistically strong hypotheses are adopted.

2.3- The LMS algorithm

The LMS algorithm can be obtained by applying the stochastic gradient technique

to the instantaneous quadratic error:

w(k + 1) = w(k)− β∇w(k)

[
1

2
e2(k)

]

= w(k)− βe(k)∇w(k) [e(k)]

⇒ w(k + 1) = w(k) + βx(k)e(k), (29)

a recursive equation that completely describes the LMS adaptive process, which requires

2N sums and 2N + 1 multiplications per iteration. Although the update process of the

LMS is very simple (at least in computational terms), its stochastic and nonlinear features

imply that its mathematical analysis is complicated. Due to the feedback caused by the

usage of the error signal e(k), the adaptive weights depend on input data and the system

behavior differs from that of a linear system [18]. Note that we opted to utilize the half of

the instantaneous quadratic error in (29) to ensure coherence with traditional treatments

of the open literature. As a consequence, some minor differences w.r.t. our previous

analyses of the steepest descent will occur.

In an algorithmic view, the LMS algorithm sequentially performs three steps:

1. Filtering: y(k) = wT (k)x(k)

2. Error estimation: e(k) = d(k)− y(k)
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3. Adaptive vector update: w(k + 1) = w(k) + βe(k)x(k)

The simplicity of the LMS explains why it is the most popular adaptive filtering

scheme. Its first-order behavior can be studied with a very similar approach to the one

previously utilized for the study of the steepest descent. Utilizing (4) as a valid model

for the reference signal and assuming the system identification task (which implies that

wopt = w⋆), the error signal can be written as a function of the deviation vector:

e(k) = w̃T (k)x(k) + ν(k). (30)

By combining (30), (29) and (18), the following recursion on the deviation vector

can be derived

w̃(k + 1) =
[
I − βx(k)xT (k)

]
w̃(k) + βx(k)ν(k), (31)

which is a relation that presents some similarities with (21), especially when the driving

force −βx(k)ν(k) is not considered. Despite this, the fact that the samples of the

input vector x(k) and the measurement noise ν(k) are indeed realizations of stochastic

processes has profound implications. The first of them is that a first-order analysis (such

as the one employed in the steepest descent algorithm) is no longer sufficient for the

characterization of the algorithm since the variance of the adaptive estimator should be

taken into account. Due to this, in the next chapter, second-order analyses of the LMS

are described in more detail.

Another implication is that the trajectory of the adaptive coefficients differs from

one realization of the learning process to another one. In fact, there are infinite possible

trajectories, since both input data and measurement noise are sampled from distinct

stochastic processes. In this context, the characterization of the mean behavior brings a

measure of centrality about the average trajectory around which the coefficients evolve

along the iterations. Such a first-order characterization can be carried out by the

application of the expectation operator in (31), which leads to

E [w̃(k + 1)] = E [w̃(k)]− βE
[
x(k)xT (k)w̃(k)

]
+ βE [x(k)ν(k)] , (32)

which is a complex recursion, especially due to the presence of the third-order moment

vector E
[
x(k)xT (k)w̃(k)

]
.

To maintain the mathematics tractable, LMS advanced models that can be found
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in the literature often rely on some simplifying assumptions, that can provide insights

about factors that enhance algorithmic performance even when the resulting predictions

are not accurate [14; 45; 46]. The first of these hypotheses is the noise assumption (NA):

Noise assumption (NA): The measurement noise ν(k) is a zero-mean i.i.d.

stochastic process, which is statistically independent from the input signal.

It is noteworthy that NA is a standard assumption in analyses of adaptive filtering

algorithms, being often satisfied in practice [47; 48]. However, it is not valid in the

presence of physical nonlinear phenomena, such as operation near the saturation region,

diffusion capacitance, and intermodulation distortion [49]. In these cases the signal ν(k)

in (30) contains nonlinear components of the excitation data.

Under NA, recursion (32) can be simplified:

E [w̃(k + 1)] = E [w̃(k)]− βE
[
x(k)xT (k)w̃(k)

]
, (33)

although dealing with the joint moment E
[
x(k)xT (k)w̃(k)

]
be still a difficult task. Clearly

w̃(k) presents a statistical dependency w.r.t. x(k), since x(k − 1) is explicitly employed

to obtain w(k):

w(k) = w(k − 1) + βx(k − 1)e(k − 1), (34)

and there exists a deterministic coherence between x(k − 1) and x(k) in a tapped-

delay structure. In fact, such vectors have N − 1 elements in common, although in

distinct positions, since the transversal structure induces a shift between consecutive

input vectors.

The most critical (and perhaps one of the most useful) statistical hypothesis is

the independence assumption, which considers that the excitation data is statistically

independent of the adaptive weights. Despite its wide usage in the stochastic

approximations field [14], the independence assumption performs unreliable predictions

when the step size parameter assumes large values. Nevertheless, some potential

advantages of adaptive filtering schemes may become apparent only for large step

sizes [17].

The independence assumption can be stated in the following manner:

⋆ Independence Assumption (IA). The components of the instantaneous input

vector x(k) are statistically independent from the adaptive weights wi(k), for i ∈
{0, . . . , N − 1}.
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As mentioned before, although almost ubiquitous, as previously said, IA-based

analyses1 are accurate only when small step sizes are utilized [50]. The usage of IA

partially neglects the data-dependent feature of the adaptive weight vector, converting

Equation (33) into:

E [w̃(k + 1)] = (I − βR)E [w̃(k)] , (35)

which is very similar to (21). This implies that many considerations about the convergence

of the steepest descent algorithm can be adapted to characterize the mean behavior of

the LMS adaptive weights. Hence, an upper bound for the learning factor that avoids

divergence in the mean that is inversely proportional to the maximum eigenvalue of the

input autocorrelation matrix (see (28)) still holds.

Nevertheless, some considerations should be undertaken. The first of them is

that we have omitted factor 2 which multiplies the learning factor of the LMS, to utilize a

formulation more common in the literature. This factor slightly alters the final results of the

analysis. The second consideration derives from the stochastic nature of the LMS, which

requires the modeling of second-order statistics of the adaptive weights, such as their

variance. This observation is fundamental since in practice the variance of the adaptive

weights can grow without limit, even when the first-order statistics predict convergence. It

implies that the algorithm can diverge in practice even when its mean behavior is stable.

Thus, a second-order analysis of the LMS is necessary in order to better characterize its

learning abilities.

As a final observation, note that Equation (35) is a particular case of a linear

time-invariant state space equation

y(k + 1) = Ay(k) + b, (36)

where y(k) = E [w̃(k)], A = I − βR, and b = 0. The state space formulation is crucial in

the novel models proposed in this thesis, as will be clearer in the next chapter.
1In this thesis, the acronym IA refers to independence assumption, where IA denotes the analysis that

relies on the independence assumption.
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2.4- Concluding remarks

In this chapter, an overview of the Wiener solution, the steepest descent algorithm,

and the LMS algorithm is presented. After this, the LMS can be seen in a more proper

context. Some standard stochastic assumptions are discussed, and a first-order analysis

of the LMS was described. In the next chapter, second-order analyses of the LMS are

presented.



31

3- Second-Order Stochastic Analyses of the LMS: An

Overview

3.1- Introduction

In the previous chapter, the convergence of the LMS averaged weight-error vector

is compared to the deterministic weight-error of the steepest-descent algorithm. Such

analyses share some features with the ones described in this chapter, since they make

some assumptions about the input and noise signals, engender difference equations that

relate the stochastic quantities of interest in a recursive manner, apply the expectation

operator in both sides of these equations and investigate the results.

Due to the stochastic feature of the LMS, its mean behavior is not sufficient to

characterize its learning. This chapter introduces the standard second-order stochastic

analysis of the LMS, which relies on the independence assumption. Additionally, the

original exact expectation analysis is described. Such a method is generalized in

Chapters 4, 5, and 6, which contain the contributions of this thesis.

3.2- Standard Mean-Square Analysis

In this section, some standard mean-square analyses that utilize the

independence assumption are described.

The most popular performance measure of an adaptive filter are the MSE (see

(7)) and the mean square deviation (MSD), defined by

MSD(k) , E
[
‖w(k)−w⋆‖2

]
. (37)

Both of these quantities can be inferred if the autocorrelation matrix Rw̃(k) (also
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termed as the weight error covariance matrix - WECM) of the deviation w̃(k) is available

Rw̃(k) , E
[
w̃(k)w̃T (k)

]
, (38)

since the following identities hold:

MSD(k) = Tr[Rw̃(k)], (39)

MSE(k) = σ2
ν + Tr[RRw̃(k)]. (40)

It should be noted that relation (40) requires the NA, which is not a very strong

statistical assumption.

Equations (39)-(40) establish a bridge between the estimation of mean-square

behavior and the computation of Rw̃(k). This fact explains why several second-order

analyses utilize different methods to obtain a recursion for this matrix. In the following, a

standard derivation of this recursion is presented.

After multiplying each side of (31) by its transpose, one has

w̃(k + 1)w̃T (k + 1) =
(
I − βx(k)xT (k)

)
w̃(k)w̃T (k)

(
I − βx(k)xT (k)

)

+βν(k)
(
I − βx(k)xT (k)

)
w̃(k)xT (k)

+βν(k)x(k)w̃T (k)
(
I − βx(k)xT (k)

)

+β2ν2(k)x(k)xT (k). (41)

After using the NA and applying the expectation operator in (41), one obtains

Rw̃(k+1) = E
{(

I − βx(k)xT (k)
)
w̃(k)w̃T (k)

(
I − βx(k)xT (k)

)}
+ β2σ2

νR. (42)

Expression (42) can be further simplified by the independence assumption (IA),

which leads to

Rw̃(k+1) = Rw̃(k) − β
[
RRw̃(k) +Rw̃(k)R

]
+ β2σ2

νR

+β2
E
[
x(k)xT (k)w̃(k)w̃T (k)x(k)xT (k)

]
, (43)

a recursion that still requires additional assumptions in order to establish the evolution of

Rw̃(k).
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Considering the transformed input vector as

x̃(k) = QTx(k), (44)

where Q ∈ R
N×N contains in its i-th column the i-th eigenvector or R (see (22)).

Transformation (44) is convenient, since the covariance matrix of x̃(k) is diagonal:

Rx̃ , E
[
x̃(k)x̃T (k)

]
= Λx̃. (45)

Using (44), Eq. (43) can be rewritten as

Rw̃(k+1) = Rw̃(k) − β
[
RRw̃(k) +Rw̃(k)R

]
+ β2σ2

νR

+β2QE
{
x̃(k)x̃T (k)v(k)vT (k)x̃(k)x̃T (k)

}
QT , (46)

where v(k) was defined in (24). When the input signal is Gaussian, (46) can be rewritten

as [3]

Rw̃(k+1) = Rw̃(k) − β
[
RRw̃(k) +Rw̃(k)R

]
+ 2β2RRw̃(k)R+ β2R

{
σ2
ν + Tr[RRw̃(k)]

}
,

(47)

which is a closed-form recursion. Note that several restrictive assumptions were adopted

in its derivation, which engenders a discrepancy between the theoretical model and

empirical results.

Recursion (47) is not a state space system (see (36)). Since the exact expectation

analysis adopts such a formulation, comparisons between the standard approach (i.e.,

one that utilizes the independence assumption) and the “exact” one can be facilitated

when both of them are expressed in terms of a state space equation. Such a formulation

is derived in the following.

Consider vec(A) as the operator that concatenates the successive columns of

matrix A, generating a column vector. Using the identity

vec(XY Z) =
[
ZT ⊗X

]
vec(Y ), (48)

and the linearity of the expectation operator, Eq. (42) leads to the following dynamic time-
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invariant state-space model of the deviation error covariance matrix:

y(IA,2)(k + 1) = A(IA,2)y(IA,2)(k) + d(IA,2), (49)

where the superscript (IA, 2) means that the state space linear model is obtained by

adopting IA in a mean square (i.e., second-order) stochastic analysis and

y(IA,2)(k) , E

{

vec
[

R ˜w(k)

]}

, (50)

A(IA,2) , IN2 − βE
[
IN ⊗ x(k)xT (k)

]

−βE
[
x(k)xT (k)⊗ IN

]
(51)

+β2
E
[
x(k)xT (k)⊗ x(k)xT (k)

]
,

d(IA,2) , β2σ2
νvec [Rx] .

(52)

Note that the transition matrix A(IA,2) depends on β, and the analysis predicts

stable operation if the magnitude of its maximum eigenvalue is less than unity [50]. Also

important is that such an eigenvalue can be efficiently computed, for a fixed step size,

using the power method [51]. Moreover, if the algorithm does not diverge, the relevant

steady-state statistical quantities may be estimated by [52]

lim
k→∞

y(IA,2)(k) =
(

IN −A(IA,2)
)−1

d(IA,2). (53)

The exact expectation analysis also aims to construct a linear state space

equation system. However, the entire procedure, as will be described in the next section,

is much more complex, because IA is no longer employed.
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3.3- Exact Expectation Analysis

The exact expectation analysis (EEA) [53; 54; 50; 55; 52; 44; 56] is a refined

technique that recursively generates update equations for a set of joint moments (or state

variables). The joint moments update equations govern the dynamics of the LMS learning.

Since EEA does not adopt the independence assumption, its predictions are a better fit

for experimental results than standard approaches (e.g., in the specification of an upper

bound for the learning factor that ensures convergence [50; 52; 44]).

The EEA technique was proposed in [57], in a configuration where the excitation

data is assumed to be white. An unequal-mode convergence behaviour in the

variances of the filter coefficients (which contradicts the independence assumption)

was theoretically predicted and confirmed by simulations. Work [53] extended the

approach to the sign-data LMS algorithm, without assuming a white input data. A more

comprehensive analysis of the LMS algorithm (assuming colored input data) under EEA

is the focus of [54; 50], which effectively established EEA as a powerful and alternative

analysis method for predicting LMS performance. More recently, this technique has

experienced some generalizations, namely: [55] removed the whiteness assumption of

the additive noise; [56] has demonstrated that coloring the additive noise does not impact

mean-square stability; [58] addressed the identification of nonlinear plants; [52] employed

EEA to derive an optimal sequence of step size values that optimize performance; and

[44] modeled the deficient case that occurs when the adaptive filter length is surpassed

by the length of the unknown transfer function the adaptive filter intends to emulate.

In order to explain the EEA, let us consider a simple configuration, for pedagogical

purposes. This setup is the same as the one presented in [22]. Even in this simple

configuration, the EEA results in lengthy algebraic manipulations.

Suppose that the input signal is generated by the following moving-average

process

x(k) = b0u(k) + b1u(k − 1), (54)

so that the analysis is not restricted to white input signals, although the signal u(k) is

modeled as a zero-mean iid random process, whose probability density function is even,
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so that

E[un(k)] =







0, for odd n

γn, for even n
, (55)

where γn depends on the specific considered distribution.

Note that the correlation between x(k1) and x(k2), which is supposed to be zero

whenever |k1−k2| > M , where M is finite. This in fact is a restriction imposed by the EEA

analysis (otherwise, its recursion procedure never halts), which is guaranteed by model

(54).

Assuming that the adaptive filter has only one adaptive tap (i.e., N = 1), recursion

(31) degenerates into

w̃0(k + 1) = (1− βx2(k))w̃0(k) + βν(k)x(k), (56)

where w̃i(k) ∈ R denotes the i-th element of vector w̃(k) (see (18)). From (30), the error

can be written as

e(k) = w̃0(k)x(k) + ν(k) = b0w̃0(k)u(k) + b1w̃0(k)u(k − 1) + ν(k), (57)

so that the square of the error, in terms of signal u(k), is

e2(k) = b20u
2(k)w̃2

0(k) + 2b0b1u(k)u(k − 1)w̃2
0(k) + 2b0ν(k)u(k)w̃0(k)

+b21u
2(k − 1)w̃2

0(k) + 2b1ν(k)u(k − 1)w̃0(k) + ν2(k). (58)

The MSE can be obtained by the application of the expectation operator in (58),

which leads to

ξ(k) = E
[
e2(k)

]
= b20E

[
u2(k)w̃2

0(k)
]
+ 2b0b1E

[
u(k)u(k − 1)w̃2

0(k)
]

+2b0E [ν(k)u(k)w̃0(k)] + b21E
[
u2(k − 1)w̃2

0(k)
]

+2b1E [ν(k)u(k − 1)w̃0(k)] + E
[
ν2(k)

]
. (59)

Utilizing NA1, terms E [ν(k)u(k)w̃0(k)] and E [ν(k)u(k − 1)w̃0(k)] can be canceled, which

1The NA is not a very strong assumption that even can be avoided when EEA is employed (see [55]). It
will be avoided in Chapter 4.
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simplifies (59):

ξ(k) = E
[
e2(k)

]
= b20E

[
u2(k)w̃2

0(k)
]
+ 2b0b1E

[
u(k)u(k − 1)w̃2

0(k)
]

+b21E
[
u2(k − 1)w̃2

0(k)
]
+ E

[
ν2(k)

]
. (60)

Note that w̃0(k) depends directly on x(k − 1), since (see (56)):

w̃0(k) = (1− βx2(k − 1))w̃0(k − 1) + βν(k − 1)x(k − 1), (61)

which implies that w̃0(k) depends statistically on sample x(k), due to the fact that x(k) is

colored (see (54)) and x(k) is correlated with x(k − 1). Due to this fact, (60) was written

in terms of u(k). Being u(k) an i.i.d. process, w̃0(k) depends on u(k − 1) and is indeed

statistically independent from u(k), since u(k) is statistically independent from u(k − 1).

This implies that

E
[
u2(k)w̃2

0(k)
]

= E
[
u2(k)

]
E
[
w̃2
0(k)

]
= γ2E

[
w̃2
0(k)

]
, (62)

E
[
u(k)u(k − 1)w̃2

0(k)
]

=

=0
︷ ︸︸ ︷

E [u(k)]E
[
u(k − 1)w̃2

0(k)
]
= 0. (63)

The combination of (62) and (63) with (60) leads to

ξ(k) = σ2
ν + E

[
w̃0(k)x

2(k)
]
= σ2

ν + b20γ2E
[
w̃2
0(k)

]
+ b21E

[
w̃2
0(k)u

2(k − 1)
]
, (64)

which means that the estimation of the MSE can be equivalently converted in the

estimation of the evolution of the statistical quantities E
[
w̃2
0(k)

]
and E

[
w̃2
0(k)u

2(k − 1)
]
.

Such quantities are also termed as state variables. Further, when IA is adopted, Equation

(64) can be simplified, since

E
[
w̃2
0(k)u

2(k − 1)
]
≈ E

[
w̃2
0(k)

]
E
[
u2(k − 1)

]
= γ2E

[
w̃2
0(k)

]
, (65)

although such an approximation will not be utilized, since we are interested in the EEA.

The EEA is a systematic procedure that intends to obtain recursive equations that

describe the evolution of the state variables. At the moment, there are two state variables:

E
[
w̃2
0(k)

]
and E

[
w̃2
0(k)u

2(k − 1)
]
. The first step to obtain a recursion for the first of them
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requires the squaring of both sides of (56):

w̃2
0(k + 1) = b40β

2u4(k)w̃2
0(k) + 4b30b1β

2u3(k)u(k − 1)w̃2
0(k)− 2b30β

2ν(k)u3(k)w̃0(k)

+6β2b20b
2
1u

2(k)u2(k − 1)w̃2
0(k)− 6b20b1β

2ν(k)u2(k)u(k − 1)w̃0(k)

+b20β
2ν2(k)u2(k)− 2b20βu

2(k)w̃2
0(k) + 4b0b

3
1β

2u(k)u3(k − 1)w̃2
0(k)

−6b0b
2
1β

2ν(k)u(k)u2(k − 1)w̃0(k) + 2b0b1β
2ν2(k)u(k)u(k − 1)

−4b0b1βu(k)u(k − 1)w̃2
0(k) + 2b0βν(k)u(k)w̃0(k) + b41β

2u4(k − 1)w̃2
0(k)

−2b31β
2ν(k)u3(k − 1)w̃0 + b21β

2ν2(k)u2(k − 1)− 2b21βu
2(k − 1)w̃2

0(k)

+2b1βν(k)u(k − 1)w̃0(k) + w̃2
0(k). (66)

After applying the expectation operator in (66) and utilizing the simplifications that

arrive from the combination of both NA and the whiteness of u(k), one has

E
[
w̃2
0(k + 1)

]
= (1− 2b20βγ2 + b40β

2γ4)E
[
w̃2
0(k)

]
+ b41β

2
E
[
w̃2
0(k)u

4(k − 1)
]

+(6b20b
2
1β

2γ2 − 2b21β)E
[
w̃2
0(k)u

2(k − 1)
]

+(b20β
2σ2

νγ2 + b21β
2σ2

νγ2), (67)

where one observes the emergence of a novel state variable: E
[
w̃2
0(k)u

4(k − 1)
]
. Note

that we are not essentially interested in estimating such a quantity to obtain the MSE

(see Eq. (64)). Due to this, this new term is termed as a nuisance state variable, because

its estimation is necessary for the estimation of one statistical quantity of interest [59].

Unfortunately, in more complex configurations, the nuisance parameters may be the large

majority of the state variables.

After obtaining the recursion for E[w̃2
0(k)] in (67), two state variables remains to

be addressed: the term E
[
w̃2
0(k)u

2(k − 1)
]
, which is originally encountered in the MSE

expression (59) and the nuisance state variable E
[
w̃2
0(k)u

4(k − 1)
]
. The recursions for

these state variables can be derived by multiplying both sides of (66) by convenient terms

before the application of the expectation operator and the subsequent simplification by

both NA and the whiteness of u(k). Due to the length of the necessary manipulations, the
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derivation is omitted and the final recursions are:

E
[
w̃2
0(k + 1)u2(k)

]
= (γ2 − 2b20βγ4 + b40β

2γ6)E
[
w̃2
0(k)

]
+ b41β

2γ2E
[
w̃2
0(k)u

4(k − 1)
]

+(6b20b
2
1β

2γ4 − 2b21βγ2)E
[
w̃2
0(k)u

2(k − 1)
]

+(b20β
2σ2

νγ4 + b21β
2σ2

νγ
2
2), (68)

E
[
w̃2
0(k + 1)u4(k)

]
= (γ4 − 2b20βγ6 + b40β

2γ8)E
[
w̃2
0(k)

]
+ b41β

2γ4E
[
w̃2
0(k)u

4(k − 1)
]

+(6b20b
2
1β

2γ6 − 2b21βγ4)E
[
w̃2
0(k)u

2(k − 1)
]

+(b20β
2σ2

νγ6 + b21β
2σ2

νγ2γ4). (69)

Since recursions (67)-(69) are self-contained, they can be used to create a state

space equation like (36), where the state vector is

y(k) =








E
[
w̃2
0(k)

]

E
[
w̃2
0(k)u

2(k − 1)
]

E
[
w̃2
0(k)u

4(k − 1)
]







, (70)

the transition matrix is

A =








1− 2b20βγ2 + b40β
2γ4 6b20b

2
1β

2γ2 − 2b21β b41β
2

γ2 − 2b20βγ4 + b40β
2γ6 6b20b

2
1β

2γ4 − 2b21βγ2 b41β
2γ2

γ4 − 2b20βγ6 + b40β
2γ8 6b20b

2
1β

2γ6 − 2b21βγ4 b41β
2γ4








(71)

and

b =








b20β
2σ2

νγ2 + b21β
2σ2

νγ2

b20β
2σ2

νγ4 + b21β
2σ2

νγ
2
2

b20β
2σ2

νγ6 + b21β
2σ2

νγ2γ4







. (72)

For the considered setup, the resulting state space model contains R = 3

equations. Unfortunately, R can be very large, even for simple configurations. To perform

the demanded algebraic operations, efficient C++-based codes were implemented. Thus,

commercial general-purpose software for symbolic manipulations was avoided, which has

permitted us to model configurations that have never been considered in the EEA.
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3.4- Concluding Remarks

In this chapter, traditional and EEA-based approaches for modeling the learning of

the LMS are described. The following chapter contains the first contribution of this thesis:

the generalization of the EEA technique to a scenario where the plant the adaptive filter

intends to identify is nonlinear.
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4- Analysis of the LMS-based Identification of Nonlinear

Plants

As we have seen, most adaptive filtering schemes employ the tapped-delay line.

In part, such a fact can be explained by the assumption that the plant they intend to

estimate is linear. Although such a hypothesis can be reasonable if the input signal

is constrained to a certain range, sometimes it may not be valid. In this chapter, the

performance and stability guarantees provided by stochastic models that presume the

linearity of the ideal system are no longer valid. This chapter advances an analytic model

of the least mean square learning capabilities when the ideal system is not linear, with the

additive noise including nonlinear functions of the input samples. The proposed analysis

does not assume neither that the excitation signal is statistically independent from the

adaptive weights, nor that the additive noise is white and/or independent from input data.

Furthermore, it can be applied to non-Gaussian and/or non-white input signals.

4.1- Introduction

As already outlined in Chapter 2, the least-mean-square (LMS) algorithm

emerged as an effective, yet simple, adaptive filtering scheme whose robustness against

perturbations and implementation errors is well-known [14; 60; 61]. Despite its simplicity,

the mathematical analysis of the LMS is complicated due to its stochastic and nonlinear

nature [62]. Furthermore, most analyses assume that the ideal plant the adaptive filter

intends to estimate1 is linear [3]. Unfortunately, this may not be strictly valid in practice,

due to a plethora of phenomena, such as operation near the saturation region [24],

intermodulation distortion [25] and usage of high power amplifiers [63]. Since a small

distortion engineered by a nonlinear component (NLC) in such systems may dominate

the overall identification performance [64], analyses that do not take into account the NLC

1This chapter focuses on the system identification task.
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are not able to provide either performance or stability guarantees. This chapter advances,

for the first time, a stochastic model of the LMS performance that incorporates the

effects of the NLC. The proposed analysis does not employ the ubiquitous independence

assumption (IA), which states that the input samples x(k) are statistically independent

from the adaptive weights wi(k) (for i ∈ {0, 1, . . . , N}. As discussed in Chapter 2, the

IA, although widely used in the field of stochastic approximations [14], is recognized

to provide accurate predictions only when the step size is small [65]. The avoidance

of IA engineers the exact expectation technique, which is also able to provide a

proper step-size upper bound that guarantees convergence [50]. Furthermore, it can

be employed in the derivation of a deterministic theoretical step-size sequence that

optimizes performance [52], a topic that is explored in Chapter 5.

This chapter is structured as follows. We start by describing the adopted nonlinear

model of the plant to be identified, in Section 4.2. We then present the advanced analysis

in Section 4.3, which can be employed to accurately predict the stability region. This

is followed by the results, in Section 4.4. We then present the main conclusions of the

contributions in Section 4.5.

4.2- Nonlinear System Model (NSM)

Nonlinear discrete-time systems can be frequently modeled by Volterra series [66;

67; 68; 69; 27], which is a stable functional series expansion of a nonlinear time-invariant

system. Such series take into account memory effects, which can not be performed

with static nonlinear models [70; 71]. Considering N ∈ N as the memory depth,

w⋆
p(n1, · · · , np) ∈ R as the coefficients of the p-th order polynomial basis function and

P ∈ N as the maximum nonlinearity order, in this thesis the reference signal d(k) is

modeled as the sum of three components

d(k) = (w⋆)T x(k) + νM(k) +

,νNLC(k)
︷ ︸︸ ︷

P∑

p=2

N−1∑

n1=0

· · ·
N−1∑

nP=0

w⋆
p(n1, . . . , nP )

p
∏

l=1

x(n− nl), (73)
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where the first right-side term corresponds to the affine-in-the-parameters linear

component (LC, with w⋆ ∈ R
N denoting the unknown and ideal coefficients of the LC),

νM(k) is the measurement noise and νNLC(k) corresponds to the nonlinear part (that is

not captured by the linear adaptive model). Note that the consecutive samples of the

overall noise ν(k) , νM(k) + νNLC(k) can be correlated, so that the noise whiteness (a

very common hypothesis) is not assumed in this chapter.

The Volterra model (73) is assumed to be symmetric (i.e, w⋆
p (n1, · · · , np) is

invariant w.r.t. the p! possible permutations of the indices n1, · · · , np [72; 73]).

4.3- Exact Expectation Analysis of LMS-Based NLS Identification

As discussed in Chapter 2, the LMS update equation is a nonvanishing step-size

version of a stochastic gradient algorithm that intends to minimize the mean-squared error

(MSE):

w(k + 1) = w(k)− β∇
w(k)

[
1

2
e2(k)

]

= w(k) + βe(k)x(k), (74)

where β ∈ R
+ is the step size and the signal error e(k) ∈ R is defined by

e(k) , d(k)−wT (k)x(k). (75)

In order to not restrict the analysis to white inputs, in the following the input signal

is assumed to be colored according to an M -th order moving-average model:

x(k) =

M−1∑

m=0

bmu(k −m), (76)

where u(k) is an i.i.d. signal with even probability density function (pdf) and γn , E [un(k)].

Furthermore, its variance γ2, without loss of generality, is supposed to be unitary.

The average performance of the adaptive identification depends on a set of

joint moments (or state variables), such as E
[
w̃2
0(k)u

2(k − 1)
]
, where w̃i(k) is the i-th

component of the deviation vector w̃(k) , w⋆ −w(k). When IA is employed, the number

R of state variables (or the number of equations) is dramatically decreased, since under
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IA it is possible to perform approximations such as

E
[
w̃2
0(k)u

2(k − 1)
]
≈ E

[
w̃2
0(k)

]
E
[
u2(k − 1)

]
,

whereas it should be noted that even if IA is not assumed the identity E
[
w̃2
0(k)u

2(k)
]
=

γ2E
[
w̃2
0(k)

]
is strictly valid, since w(k) does not depend on the sample u(k) (see (74)).

In the following, joint moments such as E [u(k)νM(k)] will be considered to be zero, due

to the usage of the noise assumption (NA) (see Section 2.3).

Remark : In this chapter, the overall noise ν(k) is neither i.i.d. nor statistically

independent from the excitation data.

The exact expectation analysis is a systematic procedure that aims at the

construction of a state space equation that describes in a comprehensive manner the

adaptive filter learning. Following similarly the pedagogical steps presented in Chapter

3, consider the configuration N = 2, M = 1, νNLC(k) = αx2(k − 1) and a first-order

stochastic analysis. In scalar terms, the application of recursion (74) in w̃0(k) can be

expressed as

w̃0(k + 1) = w̃0(k)− b20u
2(k)β − b20u(k)u(k − 1)β − b0u(k)ν(k)β − b30u(k)u

2(k − 1)αβ

+b20u
2(k)w̃0(k)β + b20u(k)w̃1(k)u(k − 1)β, (77)

which is a deterministic recursion that can be converted to a stochastic one by applying

the expectation operator:

E[w̃0(k + 1)] = (1 + b20βγ2)E[w̃0(k)]− b20βγ2. (78)

By replicating the same steps to w̃1(k), one obtains

E[w̃1(k + 1)] = E[w̃1(k)]− b20βγ2 + b20βE[u
2(k − 1)w̃1(k)], (79)

where the nuisance term E[u2(k − 1)w̃1(k)] appears, whose computation is necessary

in order to evaluate the quantities of interest [59]. A recursion on such a term can be
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obtained if one multiplies both sides of recursion

w̃1(k + 1) = w̃1(k)− b20u(k − 1)u(k)β − b20u
2(k − 1)β − b0u(k − 1)ν(k)β

−b30u
3(k − 1)αβ + b20u(k − 1)w̃0(k)u(k)β + b20u

2(k − 1)w̃1(k)β (80)

by u2(k) before the application of operator E[·], which provides the following recursion

E[u2(k)w̃1(k + 1)] = γ2E[w̃1(k)]− b20βγ
2
2 + b20βγ2E[u

2(k − 1)w̃1(k)]. (81)

Recursions (78), (79) and (81) can be employed to construct a linear state

equation system

y(k + 1) = Ay(k) + b, (82)

in which state vector y(k) contains the state variables E [w̃0(k)], E [w̃1(k)] and

E
[
u2(k − 1)w̃1(k)

]
, A is a time-invariant transition matrix and b is a vector that contains

terms that do not depend on state variables (such as βb20γ
2
2 ). In this first-order analysis

of the considered setting, matrix A has dimensions 3 × 3. Since the mean behavior of

the adaptive weights leads to estimates for the range of stable operations that are way

off, a second-order analysis is desirable. In the considered configuration, mean-square

analysis requires the computation of five state variables, since the MSE can be expressed

(without employing IA) as

MSE(k) , b20γ2 − 2b20γ2E[w̃0(k)] + b20γ2 − 2b20E[u
2(k − 1)w̃1(k)] + σ2

ν + b40α
2γ4

−2b30αE[u
3(k − 1)w̃1(k)] + b20γ2E[w̃

2
0(k)] + b20E[u

2(k − 1)w̃2
1(k)], (83)

and a recursion of these state variables requires 14 equations (due to the need of

computing the recursions for 9 nuisance state variables). The number of state variables

grows rapidly with the increase of N and M [44], so an efficient C++ code was written in

order to automatically derive the necessary recursions.

In short, the exact expectation analysis consists of a recursive procedure that

obtains the updated equations of the involved state variables. Since the input data is

correlated only in a finite horizon (see (76)), the generation of equations eventually halts.

Note that the algorithm convergence can be inferred from matrix A (which depends on

β).
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4.4- Results

In the following simulations, the input signal is obtained by filtering a unitary-

variance white Gaussian noise by the transfer function H(z) = 1− 0.8z−1. The reference

signal is described by

d(k) = [w⋆]T x(k) + 0.005x2(k) + ν(k), (84)

where ν(k) is an additive Gaussian noise with variance σ2
ν = 10−3. The unknown vector

w⋆ is composed by ones (i.e., w⋆
i = 1, for i ∈ {0, 1, . . . , N − 1}).

0 50 100 150 200 250

k

0.2

0.4

0.6

0.8

1.0

w
0
(k
)

IA

EEA

Empirical

Figure 4 – Evolution of the mean value of adaptive weight w0(k) of the LMS with N = 6
and β = 0.065. The empirical curve was obtained with 107 independent Monte Carlo
trials.

Fig. 4 compares the first-order evolution of the adaptive coefficient w0(k) for both

exact and standard theoretical analyses. Note that the former is able to accurately predict

the first-order dynamics of the considered configuration. This is a remarkable result

since commonly one assumes that the lack of precision of the traditional approaches

is encountered more relevant only in the second-order statistics. In the first phase of

the learning, the EEA method predicts a slower convergence rate than the IA-based
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Figure 5 – Evolution of the mean squared error with N = 3 and β = 0.085. The empirical
curve was obtained with 108 independent Monte Carlo trials.
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Figure 6 – Steady-State MSE for the N = 2 configuration. The empirical results were
obtained by the usage of 106 independent Monte Carlo trials.

approach, which is confirmed by simulations.

Fig. 5 shows that under the considered configuration the exact expectation

method predicts a curious nonconventional phenomenon: a non-monotonic behavior of
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Figure 7 – Divergence probability for N = 3. For this configuration, β(IA)

MAX
= 0.208149 and

β(EEA)

MAX
= 0.0947366.

the learning curve. In the first phase of the learning, the algorithm performs worse than

at the initialization. This a somewhat counterintuitive phenomenon, which is not even

suggested by the traditional approach. Such behavior is confirmed by the performed

simulations. It is observed only after a huge number of Monte Carlo independent trials

(108), probably due to low probability events that are not well-captured by the conventional

analyses. Normally, in the filtering adaptive literature, the number of independent Monte

Carlo trials stays around tens, hundreds, or at most thousands of executions, and such

phenomenons are not discussed. Unfortunately, due to the cumbersome complexity of

the model, it is very difficult to extract qualitative insights concerning the reasons for this

atypical behavior, although it surely deserves more attention.

Fig. 6 depicts the divergence between IA-based predictions for steady-state

performance with respect to the empirical one. In this figure, it is possible to observe

that the prediction error of the standard analysis is over 1 dB. Further, such an error

diminishes as long as β assumes small values, coherent with the widely known fact that

the independence assumption implies better predictions when small learning factors are

adopted.

To empirically assess the probability of divergence, the LMS is executed for 105

independent Monte Carlo trials for 500 iterations. A specific realization is counted as
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divergent if the absolute value of any adaptive coefficient surpasses 10 (i.e., if there exists

at least a single k for which |wi(k)| > 10, for i ∈ {0, . . . , N − 1}). The maximum value

of β that implies algorithm stability can be inferred from the transition matrices A, which

can be constructed for both IA- and EEA-based models. Fig. 7 depicts the probability of

divergence for different step-size values. Note that the upper bound established by the

EEA specifies the region in which the algorithm converges and that it may indeed diverge

in some cases where the IA-based model predicts stable operation. This implies that

traditional models are unfit to accurately predict a theoretical upper bound for the step

size that guarantees stable behavior of the algorithm. Fig. 7 shows for the first time that

the exact expectation method can be used to provide such a guarantee even when the

plant to identify has nonlinear components.

4.4.1 Evaluation of Different Noise Nonlinear Terms

To analyze whether IA or EEA has better adhesion to empirical curves, four

scenarios were created where the first scenario has additive noise, with no contribution

of nonlinear disturbances, therefore its reference signal d(k) = [w⋆]T x(k) + ν(k). To

evaluate how different nonlinear disturbances affect the MSE, three other simulations

were plotted. These four simulations are summarized as per Table 4, where it is

possible to observe that they are all similar, to each other, except for the nonlinear

contribution which progressively increases. For these simulations N = 3 and coloring

filter M = 2, with Gaussian distribution. The noise variance is σ2
ν = 10−3 and nonlinear

noise contribution varies in each simulation, starting with no contribution at all in scenario

1 (Fig. 8), progressing to αx2(k) on scenario 2 (Fig. 9), x(k) is cubed on scenario 3

(Fig. 10) and finally simulated αx4(k) on scenario 4 (Fig. 11). For scenarios 2,3 and 4

α = 0.005
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# Scenario N M L β σ2
ν Nsamples H(z) νNLC(k)

1 3 2 1 0.075 10−3 106 1− 0.8z−1 0
2 3 2 1 0.075 10−3 106 1− 0.8z−1 αx2(k)

3 3 2 1 0.075 10−3 106 1− 0.8z−1 αx3(k)

4 3 2 1 0.075 10−3 108 1− 0.8z−1 αx4(k)

Table 1 – Scenarios properties. Nsamples denotes the number of independent Monte Carlo
trials. H(z) is the coloring filter of the input signal.

Figure 8 – MSE - Scenario 1
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Figure 9 – MSE - Scenario 2
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Figure 10 – MSE - Scenario 3
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Figure 11 – MSE - Scenario 4

As it is possible to observe on Figure 8, classical analysis has a good

approximation especially, as before mentioned, for being a small learning step that

propitiates a better adhesion, but even for scenarios such as this, when it is added a

nonlinear disturbance (figures 9, 10 and 11), it is possible to observe distancing from

classical analysis to the EALC curves. On the other hand, exact expectation analysis

adhered properly to the empirical curves, in particular on scenario 4 (Figure 11), where

the nonlinear additive noise disturbance was αx4(k), and classical analysis differs in

approximately 14 dB, on steady state, from both empirical and exact expectation analysis.

4.5- Conclusions

In this chapter, a comprehensive model that predicts the learning behaviour of the

LMS algorithm when the ideal plant is nonlinear is devised. The advanced analysis does
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not assume neither input signal Gaussianity, nor its whiteness. Simulations demonstrate

that the proposed stochastic model is able to accurately characterize both transient and

steady-state regimes. Furthermore, it provides a proper step size upper bound that

effectively avoids stability issues.
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5- An Exact Expectation Model for the LMS Tracking Abilities

Nonstationary environments are ubiquitous in communications and acoustic

systems. The ability to track their dynamics is one of the most desirable features

of adaptive processing algorithms. The designers of these algorithms often employ

guidelines derived from stochastic analyses to adjust user-defined parameters to

maximize performance or avoid stability issues. From the discussions from the previous

chapters, it is therefore important that analyzes of adaptive processing algorithms take

into account their built-in sophisticated learning capabilities.

This chapter presents a stochastic model of the performance of the least mean

square algorithm, operating under Markovian time-varying channels. Our advanced

analysis considers both transient and steady-state regimes. Furthermore, in our analysis,

the popular independence assumption is not adopted (as in Chapter 4), resulting in a

stochastic model which is accurate even when: (i) the step size is not infinitesimally

small; or (ii) when the unknown system presents a high nonstationary degree. In addition,

our evaluation is also able to provide a deterministic theoretical step-size sequence that

optimizes algorithmic performance, as well as an accurate step size upper bound that

guarantees algorithm stability.

5.1- Introduction

In applications such as channel equalization, hearing aids and echo cancellation,

it is crucial that adaptive algorithms present a low asymptotic mean-squared error

(MSE) [74]. It is sometimes argued that the choice of a fixed learning factor (or step

size) β is influenced by a trade-off between high convergence rate and good steady-state

performance [75]. In practice, such a trade-off is more subtle, since time-varying channels

introduce a “lag” in the adaptive process when emulating the optimal and unknown vector

w⋆(k) ∈ R
N [14]. As a consequence, reducing β does not necessarily imply that better

steady-state performance will be attained [76].
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The LMS algorithm demands a computational burden that is only proportional to

the filter tap-length, since its update equation may be expressed in terms of an inner

product of the current input vector. Additionally, the LMS performance dynamics depend

on a feedback control mechanism, in which the error e(k) drives the update of the adaptive

coefficients. As discussed in Chapter 2, this feedback procedure is responsible for the

complex behaviour of the LMS, which makes the development of analytical stochastic

models challenging. Moreover, the fact that a proper adjustment of its learning factor

remains a difficult task (since the optimal step size choice is an intricate function of the

input statistics [77; 78]) is a driving force for the significant amount of effort invested in

the development of new theoretical approaches.

In this chapter, EEA is for the first time employed in order to perform an in-depth

analysis of asymptotic and non-asymptotic behaviour of the LMS under the time-varying

plant setting. Popular assumptions (such as the independence assumption) are not used,

which yields an accurate and more complex model. One may argue that our approach

trades off computational cost for adherence with experiments. This point of view may

be misleading, since standard approaches may incorrectly predict that the algorithm is

stable in cases where it is not, as we have seen in Chapter 4. This problem does not

exist when the proposed stochastic model is used, and in these configurations there is

no trade-off at all.

This chapter is structured as follows. Section 5.2 concisely describes the LMS

algorithm, whereas Section 5.3 depicts a standard stochastic model (i.e., one based on

the ubiquitous independence assumption) for its performance abilities. The devised exact

expectation method is explained in Section 5.4, which is later utilized for constructing

two versions of optimal and deterministic step-size sequences in Section 5.5. Although

the first version can be seen as an adaptation of the method devised in [52] to

the tracking setting, the second version is an entirely new contribution. Comparisons

between theoretical predictions and experimental results are presented and discussed

in Section 5.6. Concluding remarks are presented in Section 5.7 which outlines some

possible promising future works that could be derived from it.



57

5.2- Time-variant Plant Model

Suppose that the output of the ideal system (excited by a stationary stochastic

input signal x(k)) is generated by the following noisy time-variant affine-in-the-parameters

regression model:

d(k) = [w⋆(k)]T x(k) + ν(k). (85)

Linear observation models similar to (85) are popular in the literature, since they

are apt to capture many practical cases of interest [79].

In the following, it is assumed a random walk time-variant plant, whose optimal

set of coefficients w⋆(k) is updated according to a first-order stochastic multivariate

Markovian model:

w⋆(k + 1) = w⋆(k) + q(k), (86)

where q(k) ∈ R
N is a driving white perturbation random vector whose components

are statistically independent. It is noteworthy that first-order Markovian variations are

encountered in several realistic applications such as audio signal processing, acoustic

echo cancellation and transmission systems [80; 81; 82; 83]. In addition, LMS may

outperform the Recursive Least Square (RLS) under slow-fading environments [84].

In a system identification setup, the LMS algorithm intends to emulate w⋆(k)

from the observable data {x(k), d(k)}. In order to do that, the LMS uses the stochastic

approximation of the iterative steepest descent algorithm. By adopting the instantaneous

quadratic error as the cost function, its update equation is given by (29), which uses

a stochastic gradient of the cost function E
[
1
2e

2(k)
]
. Alternatively, the LMS update

equation (29) can be interpreted as an exact solver of the following deterministic problem:

min
w(k+1)

‖w(k + 1)−w(k)‖2 s.t. ep(k) =
(
1− β‖x(k)‖2

)
e(k), (87)

where ep(k) , d(k) − wT (k + 1)x(k) denotes the posterior error. The term ‖w(k +

1) − w(k)‖2 in (87) incorporates the minimum distortion principle, which adopts a

conservative guideline that prevents the adaptive coefficients from suffering abrupt

changes. Deterministic analyses may elucidate relevant features of the LMS algorithm,

as, for example the presence of amplified components of high-frequency disturbances in

the error output [85]. Standard statistical assumptions, which are usually applied on LMS
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stochastic models are discussed in the next section for the time-variant case.

5.3- Standard LMS Tracking Analysis

This section presents a concise theoretical tracking analysis of the LMS, since the

main derivations were covered in Chapter 3. There are some differences here, since the

time-variant setup is considered. The following discussion also helps to emphasize by

contrast some import features of the EEA. Among the reasons that motivate EEA, one may

highlight that adaptive filters exhibiting good learning behavior in stationary environments

do not necessarily present good tracking ability when identifying time-variant plants [86].

Considering the deviation vector w̃(k) as

w̃(k) , w⋆(k)−w(k), (88)

which explicitly considers the variations of the ideal plant and using (86) and (29), the

following nonhomogeneous stochastic difference equation can be derived:

w̃(k + 1) =
[
IN − βx(k)xT (k)

]
w̃(k)− βx(k)ν(k) + q(k), (89)

where IN is the identity matrix of size N . Rigorously speaking, the driving forces

−βx(k)ν(k) and q(k) in (89) precludes asymptotic convergence of the deviation vector

energy to zero, even if the algorithm operates in the stability region. The average behavior

of the deviation vector can be studied by applying the expectation operator in (89). Some

complicated joint moments usually are not computed due to the use of IA and NA, as we

have seen. Using these assumptions, the mean weight tracking behavior of the LMS can

be written as

E [w̃(k + 1)] = [IN − βR]E [w̃(k)] , (90)

which implies that the LMS performs an unbiased asymptotic estimation and that the

adaptive coefficients, despite their Brownian motion, behave on average like the weights

of the LMS with a fixed plant. Moreover, under mild conditions, it may be stated that the
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expected value of w(k) converges to w⋆ (in a stationary setting) if the step size satisfies

β <
2

ρ [R]
, (91)

with ρ [R] standing for the spectral radius of R, i.e., ρ [R] , maxi |λi (R)|, where λi is the

i-th eigenvalue of R.

Since stable-in-the-mean adaptive filters can diverge in practice due to an

unbounded variance of the adaptive weight vector (see Chapter 3), the first-order

analysis (90) is not very useful. Alternatively, a second-order (or mean square) analysis

may be employed to estimate either the MSD or the MSE, as discussed in Chapter 3,

whose equations are again presented for convenience:

MSD(k) = ς(k) = E
[
‖w̃(k)‖2

]
, (92)

MSE(k) = ξ(k) ≈ σ2
ν + E [RxRw̃(k)] , (93)

where Rw̃(k) , E
[
w̃(k)w̃T (k)

]
is the system mismatch covariance matrix (also

known as the weight error covariance matrix) and σ2
ν is the additive noise variance.

Approximation (93) employs the NA, which remains as an almost universal hypothesis.

Although it often is approximately true when ν(k) derives directly from quantization

issues, one cannot assure that it will be always the case, since a colored interference

(e.g., a speech signal) may be captured by the transducers. Papers [55; 87] are

important references that do not assume whiteness of the additive noise. Furthermore,

approximation (93) helps to elucidate the major role that R plays in the standard statistical

analyses of adaptive filtering algorithms. As will be clearer in the next section, such a role

is less pronounced under the EEA paradigm.

Multiplying (89) by its transpose, one obtains

Θ(k + 1) = Θ(k)− βΘ(k)x(k)xT (k) +O [ν(k), q(k)]

−βx(k)xT (k)Θ(k) + β2ν2(k)x(k)xT (k) (94)

+β2x(k)xT (k)Θ(k)x(k)xT (k) + q(k)qT (k),

where Θ(k) , w̃(k)w̃T (k) and O [ν(k), q(k)] contains first-order components of ν(k) and

q(k) that do not impact the following derivations.
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5.4- Exact Expectation Tracking Analysis

Model (86) is the most commonly employed in the study of the effects of

nonstationarity in adaptive filtering systems [88]. In this section, an analysis of the LMS

tracking abilities is performed without IA for the first time. Several theoretical analyses

also assume independence between samples of the input sequence, which can be stated

as follows:

⋆ White Input Assumption (WIA). The excitation data x(k) is a stationary sequence

of independent random variables.

Remark : WIA is a very popular assumption that renders the analysis more

tractable, but can be incoherent with practical settings [89; 90]. In this chapter, WIA is

circumvented by modeling x(k) as an output sequence of an M -length moving average

system B(z) applied to an unitary-variance white signal with an even probability density

function (pdf) u(k):

x(k) =
M−1∑

i=0

biu(k − i). (95)

Remark : Note that model (95) does not assume a Gaussian x(k), which is another

popular hypothesis [91; 92; 93; 45; 54].

Loosely speaking, the EEA is a systematic procedure that recursively generates

update equations for the statistical quantities of interest [50]. The method constructs a

linear state space model similar to (49), which contains the necessary information of the

algorithm performance dynamics.

Our proposal does not restrict the measurement noise to be white, which can

present a finite memory character, since it is assumed to be generated by an L-length

moving average model:

ν(k) ,

L−1∑

i=0

aiv(k − i), (96)

where v(k) is an unitary-variance i.i.d. process with a symmetric distribution. Also, (96)

does not assume that ν(k) is Gaussian.

Consider the configuration (N,M,L) = (1, 2, 2), which maintains equation lengths

tractable, in the following derivations, where N is the filter length and parameters M

and L are related to the length of the filters responsible for the coloring of x(k) and ν(k)
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(see (95)-(96)). Although the validity of the equations presented next is restricted to

the considered configuration, the construction procedure is the same for more complex

settings.

5.4.1 Mean Weight Analysis

Recursion (89) allows for the writing of the following recursion:

w̃0(k + 1) = (1− βx2(k))w̃0(k)− βx(k)ν(k) + q0(k), (97)

where w̃i(k) (resp. qi(k)) is the i-th element of vector w̃(k) (resp. q(k)), for i ∈
{0, 1, . . . , N − 1}. In a standard stochastic approach (i.e., an IA-based one), the

application of the expectation operator in (97) together with NA and (95) leads to

E [w̃0(k + 1)] =
[
1− β(b20 + b21)γ2

]
E [w̃0(k)] , (98)

where γn , E [un(k)] and bi (for i ∈ {0, 1}) derives from model (95). Eq. (98) is a simpler

recursion than the one obtained with EEA, since in the EEA case one cannot make use

of the IA-based approximation1
E [un(k − j)w̃m

i (k)] ≈ γnE [w̃m
i (k)], for j > 0. Therefore,

EEA generates the following update equation for the state variable E [w̃0(k)]:

E[w̃0(k + 1)] = (1− b20βγ2)E[w̃0(k)]− b21βE[u
2(k − 1)w̃0(k)], (99)

where one may note the emergency of a nuisance state variable E[u2(k − 1)w̃0(k)].

Since (99) is no longer a self-contained recursion (like (98)), an additional recursion for

the nuisance term E[u2(k − 1)w̃0(k)] is necessary. This recursion may be obtained by

multiplying both sides of (97) by u2(k), before the application of the expectation operator,

which leads to:

E[u2(k)w̃0(k + 1)] = (γ2 − b20βγ4)E[w̃0(k)]

−b21βγ2E[u
2(k − 1)w̃0(k)]. (100)

1Random variable w̃i(k) is indeed statistically dependent from u(k), although it is not the case with x(k),
unless when x(k) is a white input signal (i.e., M = 1 in (95)).
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Equations (99) and (100) may be concisely rewritten as a self-contained linear

state space equation system:

y(1)(k + 1) = A(1)y(1)(k), (101)

where

y(1)(k) =




E[w̃0(k)]

E[u2(k − 1)w̃0(k)]



 (102)

contains the state of the statistical quantities the theoretical analysis is interested in at

the k-th iteration and the time-invariant transition matrix is

A(1) =




1− b20βγ2 −b21β

γ2 − b20βγ4 −b21βγ2



 . (103)

The two eigenvalues of matrix A(1) can be written as

λ1 =
1 +

√
∆+

(
−b20 − b21

)
βγ2

2
, (104)

λ2 =
1−

√
∆+

(
−b20 − b21

)
βγ2

2
, (105)

where

∆ = β2b41γ
2
2 − 2β

(
β
(
γ22 − 2γ4

)
b20 + γ2

)
b21 +

(
b20βγ2 − 1

)2
. (106)

The eigenvalues of the transition matrices depend on β in a complex way, which indicates

the higher sophistication of taking into account additional stochastic couplings. One

may state that in the considered configuration the LMS is first-order stable in the exact

expectation sense if β is chosen so that max{|λ1|, |λ2|} ≤ 1. Note that neither the additive

noise variance σ2
ν nor σ2

q (the variance of qi(k), for i ∈ {0, 1, . . . , N − 1}) influence the

stability in the mean sense, which is a remarkable result, since it was firstly established

under IA hypothesis. Here, at least for the considered configuration, such a result is

proved to be valid even when IA is not employed.
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5.4.2 Mean Square Analysis

Under the considered setting and circumventing the employment of the ubiquitous

IA, the MSE at the k-th iteration may be expressed as

MSE(k) = E
[
e2(k)

]
= E

[

(w̃0(k)x(k) + ν(k))2
]

(107)

= (a20 + a21)σ
2
v + b20γ2E[w̃

2
0(k)] + b21E[u

2(k − 1)w̃2
0(k)].

Thus, a theoretical EEA-based predicion of the MSE requires two statistical

quantities:

E[w̃2
0(k)] and E[u2(k − 1)w̃2

0(k)]. (108)

Finding a recursion for the former quantity may be done by squaring both sides of (97)

and applying the expectation operator, resulting in

E[w̃2
0(k + 1)] = (1− 2b20γ2β + b40β

2γ4)E[w̃
2
0(k)] + σ2

q

+(6b20β
2b21γ2 − 2b21β)E[u

2(k − 1)w̃2
0(k)]

+(a20 + a21)b
2
0σ

2
νβ

2γ2 + (a20 + a21)b
2
1σ

2
vβ

2γ2

+b41β
2
E[u4(k − 1)w̃2

0(k)], (109)

where E[u4(k − 1)w̃2
0(k)] is a nuisance state variable, whereas E[u2(k − 1)w̃2

0(k)] is not,

because it is required for computing the MSE (see (107)). Eq. (109) is not self-contained,

since it requires the evaluation of two state variables, namely: E[u2(k − 1)w̃2
0(k)] and

E[u4(k − 1)w̃2
0(k)]. By carrying out similar steps to those that lead to (100), one may

conclude that

E[u2(k)w̃2
0(k + 1)]=(γ2 − 2b20γ4β + b40β

2γ6)E[w̃
2
0(k)] + γ2σ

2
q

+(6b20β
2b21γ4−2b21βγ2)E[u2(k − 1)w̃2

0(k)]

+b20
(
a20 + a21

)
σ2
vβ

2γ4

+b21
(
a20 + a21

)
σ2
vβ

2γ22

+b41β
2γ2E[u

4(k − 1)w̃2
0(k)], (110)
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and

E[u4(k)w̃2
0(k + 1)]=(γ4 − 2b20γ6β + b40β

2γ8)E[w̃
2
0(k)] + γ4σ

2
q

+(6b20β
2b21γ6−2b21βγ4)E[u2(k − 1)w̃2

0(k)]

+b20
(
a20 + a21

)
σ2
vβ

2γ6

+b21
(
a20 + a21

)
σ2
vβ

2γ4γ2

+b41β
2γ4E[u

4(k − 1)w̃2
0(k)]. (111)

A linear time-domain state space equation may concisely represent (109)-(111):

y(2)(k + 1) = A(2)y(2)(k) + d(2), (112)

where

A(2) =








1−2b20γ2β+b
4
0β

2γ4 −2b21β+6b20β
2b21γ2 b41β

2

γ2−2b20γ4β+b
4
0β

2γ6 −2b21βγ2+6b20β
2b21γ4 b41β

2γ2

γ4−2b20γ6β+b
4
0β

2γ8 −2b21βγ4+6b20β
2b21γ6 b41β

2γ4







, (113)

y(2)(k) =








E[w̃2
0(k)]

E[u2(k − 1)w̃2
0(k)]

E[u4(k − 1)w̃2
0(k)]







, (114)

and

d(2) =








σ2
q + b20(a

2
0 + a21)σ

2
vβ

2γ2 + b21(a
2
0 + a21)σ

2
vβ

2γ2

γ2σ
2
q + b20(a

2
0 + a21)σ

2
vβ

2γ4 + b21(a
2
0 + a21)σ

2
vβ

2γ22

γ4σ
2
q + b20(a

2
0 + a21)σ

2
vβ

2γ6 + b21(a
2
0 + a21)σ

2
vβ

2γ4γ2







. (115)

The model under consideration requires R = 3 internal state variables, of which

only one is a nuisance parameter. The increase of N and M implies a substantial

increment of R, and for most configurations the majority state variables are nuisance

joint moments (e.g., for (N,M,L) = (8, 1, 1), R = 2, 438, 009, whereas the number of

non-nuisance terms is only 29). The large amount of equations necessary for performing

EEA means that commercially available algebraic symbolic packages are not useful, and

we utilized our own efficient C++-based code responsible for tackling the issue.

Vector d(2) can be decomposed into two parts:

d(2) = d
(2)
std + d(2)

q , (116)
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where d
(2)
q ∈ R

R only contains terms that depends on statistic features of vector q(k). For

example, by applying the decomposition on d(2) from (115), d(2)
q can be written as:

d(2)
q =

[

σ2
q γ2σ

2
q γ4σ

2
q

]T

. (117)

Decomposition (116) is important because it can describe asymptotic operation

(assuming algorithm stability) as a sum of two terms:

lim
k→∞

y(2)(k) =
(

IR −A(2)
)−1

d
(2)
std

︸ ︷︷ ︸

,y
ss,std(2)

+
(

IR −A(2)
)−1

d(2)
q

︸ ︷︷ ︸

,y
(2)
q

, (118)

where y
(2)
q isolates the contribution of the tracking task to steady-state statistical

quantities. Obviously, such a decoupling is also possible with IA-based analyses.

Employing EEA, the upper bound βmax on the step size that guarantees that the

state space realization is stable (i.e., the algorithm converges) can be written as

βmax , sup
{

β such that ρ
[

A(2)
]

< 1
}

. (119)

Remarks: Note that (119) is able to provide a more accurate upper bound, guaranteeing

stability of the LMS, than the one provided by IA-based standard approaches, because

instability issues occur for large step sizes, when such approaches are not precise [44].

The number of equations of even a slightly complex configuration (i.e. (N,M,L) =

(2, 2, 1)) is too large to present here because it requires 48 recursions, which can be

obtained by following the same steps described in this section. In this case, the length of

the recursions (which are not the larger ones of the considered configuration) of the state

variables E[w̃2
0(k)] and E[w̃2

1(k)] are somewhat cumbersome:
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E[w̃2
0(k + 1)] = (1− 2b20γ2β + b40β

2γ4)E[w̃
2
0(k)] + (−2b21β + 6b20β

2b21γ2)E[u
2(k − 1)w̃2

0(k)]

+(−2b1b0β + 6b30β
2b1γ2)E[u

2(k − 1)w̃1(k)w̃0(k)]

+ϑE[u(k − 2)u(k − 1)w̃1(k)w̃0(k)] + σ2
q

+b20a
2
0σ

2
νβ

2γ2 + b40β
2γ2E[u

2(k − 1)w̃2
1(k)]

+2b30β
2b1γ2E[u(k − 2)u(k − 1)w̃2

1(k)]

+b20b
2
1β

2γ2E[u
2(k − 2)w̃2

1(k)] + b21a
2
0σ

2
νβ

2γ2

+b41β
2
E[u4(k − 1)w̃2

0(k)] + 2b31β
2b0E[u

4(k − 1)w̃0(k)w̃1(k)]

+2b41β
2
E[u3(k − 1)u(k − 2)w̃0(k)w̃1(k)] + b21b

2
0β

2
E[u4(k − 1)w̃2

1(k)]

+2b31b0β
2
E[u3(k − 1)u(k − 2)w̃2

1(k)]

+b41β
2
E[u2(k − 1)u2(k − 2)w̃2

1(k)], (120)

where ϑ , −2b21β + 6b20β
2b21γ2, and

E[w̃2
1(k + 1)] = E[w̃2

1(k)]− 2b0b1βE[u
2(k − 1)w̃0(k)w̃1(k)]− 2b20βE[u

2(k − 1)w̃2
1(k)]

−4b0b1βE[u(k − 2)u(k − 1)w̃2
1(k)]

−2b21βE[u(k − 1)u(k − 2)w̃0(k)w̃1(k)]− 2b21βE[u
2(k − 2)w̃2

1(k)]

+σ2
q + b20a

2
0σ

2
νβ

2γ2 + b40γ2β
2
E[u2(k − 1)w̃2

0(k)]

+2b30γ2β
2b1E[u(k − 1)u(k − 2)w̃2

0(k)] + b20b
2
1β

2
E[u4(k − 1)w̃2

0(k)]

+2b30b1β
2
E[u4(k − 1)w̃0(k)w̃1(k)]

+6b20b
2
1β

2
E[u3(k − 1)u(k − 2)w̃0(k)w̃1(k)]

+2b0b
3
1β

2
E[u3(k − 1)u(k − 2)w̃2

0(k)]

+6b0b
3
1β

2
E[u2(k − 1)u2(k − 2)w̃0(k)w̃1(k)]

+b40β
2
E[u4(k − 1)w̃2

1(k)] + 4b30β
2b1E[u

3(k − 1)u(k − 2)w̃2
1(k)]

+6b20β
2b21E[u

2(k − 1)u2(k − 2)w̃2
1(k)] + 4b0b

3
1β

2
E[u(k − 1)u3(k − 2)w̃2

1(k)]

+b21a
2
0σ

2
νβ

2γ2 + b21b
2
0γ2β

2
E[u2(k − 2)w̃2

0(k)]

+b41β
2
E[u2(k − 2)u2(k − 1)w̃2

0(k)] + 2b41β
2
E[u3(k − 2)u(k − 1)w̃0(k)w̃1(k)]

+b41β
2
E[u4(k − 2)w̃2

1(k)]. (121)

In order to gain a better grasp of the computational burden of EEA, Table 2 and
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Table 2 – Computational performance comparison for (N,M,L) = (6, 1, 2) and
(N,M,L) = (2, 4, 6).

(N,M,L) = (6, 1, 2) (N,M,L) = (2, 4, 6)
EEA IA EEA IA

CPU Cycles 106× 109 23× 106 961× 109 1× 109

Instructions 163× 109 53× 106 1.2× 1012 894× 106

Memory 583× 106 5× 106 896× 106 10× 106

Equations 28181 6 3517 3

Time 33s 0.02s 291s 0.33s

Table 3 present a comparison of some key computational metrics between the EEA and

IA methods. The C++ program was compiled using the -Ofast optimization directive and

we employed the perf performance analyzing tool in Linux to get the results. The table

describes the number of instructions, cycles, amount of memory used (peak), equations

generated and time elapsed for two different configurations. Namely, the number of CPU

cycles and instructions is, roughly, between an order and two orders of magnitude worse

for the EEA. Memory usage is increased by a constant factor. The number of equations

required by the IA is in the single digits, and the execution time is reduced to less than

one second. Overall, in all observed measures, the EEA method presents a significantly

worse computational performance than the IA method.
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Table 3 – Amount of equations necessary to MSD computation.

(N,M,L) Equations (N,M,L) Equations

(1, 1, 1)
IA 1

(2, 2, 1)
IA 3

EEA 1 EEA 48

(1, 1, 2)
IA 1

(2, 2, 2)
IA 3

EEA 1 EEA 66

(1, 1, 3)
IA 1

(2, 2, 3)
IA 3

EEA 1 EEA 91

(1, 2, 1)
IA 1

(2, 3, 1)
IA 3

EEA 3 EEA 394

(1, 2, 2)
IA 1

(2, 3, 2
IA 3

EEA 5 EEA 532

(1, 2, 3)
IA 1

(2, 3, 3)
IA 3

EEA 7 EEA 731

(1, 3, 1)
IA 1

(3, 1, 1)
IA 6

EEA 19 EEA 61

(1, 3, 2)
IA 1

(3, 1, 2)
IA 6

EEA 33 EEA 68

(1, 3, 3)
IA 1

(3, 1, 3)
IA 6

EEA 47 EEA 94

(2, 1, 1)
IA 3

(3, 2, 1)
IA 6

EEA 7 EEA 698

(2, 1, 2)
IA 3

(3, 2, 2)
IA 6

EEA 8 EEA 830

(2, 1, 3)
IA 3

(3, 2, 3)
IA 6

EEA 11 EEA 1109
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5.5- Theoretical Derivation of an Optimum Variable Step-Size Sequence

Once a constant step size has been chosen, a trade-off between convergence

rate, steady-state performance, and tracking ability is established. This trade-off may be

circumvented by the adoption of a time-variant step size β(k) [94; 75], whose adjustment

relies on a data-dependent control policy [95]. This mechanism typically employs

observable quantities, e.g.: the instantaneous quadratic error, estimated correlation

between adjacent error samples or even the estimated correlation between the error and

the input vector [96]. Paper [28] argues that the design (i.e., the parameters tuning for

better performance) of a variable step size (VSS) scheme depends on the evaluation of its

efficiency, which may be performed by comparing it with an optimal theoretical sequence.

Unfortunately, the use of IA-based derivation of such a deterministic optimal sequence

may induce divergence in practice, because standard analyses overestimate the β upper

bound that guarantees stability [52]. In the following, a novel contribution is presented. It

generalizes the EEA-based derivation of an optimal step-size sequence (proposed in [52])

in order to address the MSD minimization in the tracking setting. In this context, the

involved optimum step sizes do not asymptotically converge to zero. Two versions of

such an extension are described:

⋆ Version I: at each iteration, the step size β(k) is the same for all adaptive

weights;

⋆ Version II: each adaptive coefficient wi(k) is updated by the utilization of a

particular step size βi(k).

Remark : The second version has the potential to enhance the design of

proportionate adaptive algorithms, which distribute the “adaptation energy” in order

to provide faster convergence of high-magnitude coefficients [97; 45; 98]. Since the

updating process of each adaptive coefficient is independent from the other coefficients,

the adaptation gains are distributed in order to speed up their convergence [99].

Proportionate algorithms are practical mainly because they determine the direction

update based on current filter estimates without demanding any prior information [100].
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5.5.1 Theoretical VSS Sequence - Version I

From (92), the MSD at the k-th iteration can be written as:

ς(k + 1) =

N−1∑

i=0

E
[
w̃2
i (k)

]
=

N−1∑

i=0

y
(2)
Ii

(k + 1), (122)

where Ii is the position of vector y(2)(k + 1) containing state variable E
[
w̃2
i (k)

]
.

Using (112), Eq. (122) can be explicitly rewritten as a function of elements of vector

y(2)(k):

ς(k + 1) =
N−1∑

i=0

R−1∑

j=0

a
(2)
Ii,j

(k)y
(2)
j (k) +

N−1∑

i=0

d
(2)
Ii

(k), (123)

where a
(2)
Ii,j

(k) is the (Ii, j) element of matrix A(2)(k) and d
(2)
Ii

(k) is the Ii-th element of

vector d(2)(k). Note that these quantities are no longer time-invariant, since they now

depend on a time-variant step size β(k). Since β(k) is an user-defined parameter, it

can be adjusted in order to minimize the posterior MSD ς(k + 1) by zeroing the following

derivative:
∂ς(k + 1)

∂β(k)
=

N−1∑

i=0

R−1∑

j=0

∂a
(2)
Ii,j

(k)

∂β(k)
y
(2)
j (k) +

N−1∑

i=0

∂d
(2)
Ii

(k)

β(k)
= 0, (124)

which results in a linear equation w.r.t. β(k), because both a
(2)
Ii,j

(k) and d
(2)
Ii

(k) depend

quadratically on β(k), see (113) and (115).

Remarks: The sequence {β(k)} that solves (124) is deterministic. Furthermore,

unlike traditional approaches, the optimization that provides the sequence construction

procedure takes into account the stochastic coupling between the input data and the

adaptive coefficients. This reduces the probability of divergence, especially in the initial

phase of the learning curve [52]. The optimal sequence is necessary to plot the optimal

trajectory in the learning plane, which provides useful guidelines for the designer of

practical VSS strategies that rely on observable data [28]. It should be emphasized

that in experiments, the deterministic sequence {β(k)}, chosen through (124), tends to

assume larger values in the initial learning phase, and provides small steps when the error

magnitude is small, as expected. This type of behaviour avoids the trade-off between

steady-state misadjusment and convergence rate that exists when a fixed learning factor

is employed [101].
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5.5.2 Theoretical VSS Sequence - Version II

It is widely recognized that the use of different step sizes for each adaptive weight

may enhance the convergence rate of the adaptive filter [97; 45; 98]. In this case, the

LMS update equation is

w(k + 1) = w(k) + Γ(k)x(k)e(k), (125)

where Γ(k) ∈ R
N×N is a diagonal matrix, with the i-th element of its main diagonal

denoted as βi(k) ∈ R+ (i.e., the step size associated with the adaptive coefficient wi(k)).

Using similar steps to those presented in Section 5.4, it is possible to write a state space

linear time-variant equation system:

y(2)(k + 1) = A(2,II)(k)y(2)(k) + d(2,II)(k), (126)

where A(2,II)(k) and d(2,II)(k) depend on {βi(k)} (for i ∈ {0, 1, . . . , N − 1}), and no longer

on β(k). This fact is indicated by the superscript “II”. The optimal step sizes {βi(k)} for

the k-th iteration can be evaluated by zeroing the following gradient

∇β(k)





N−1∑

i=0

R−1∑

j=0

a
(2,II)
Ii,j

(k)y
(2)
j (k) +

N−1∑

i=0

d
(2,II)
Ii

(k)



 = 0N , (127)

where β(k) ,
[

β0(k) β1(k) . . . βN−1(k)
]T

.

Remark : Usually, it is assumed that the step size sequence should asymptotically

approach zero, in order to enhance steady-state performance by reducing the variance

of the adaptive estimator. This is not true for the tracking scenario, which is the one

considered in this chapter.
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5.6- Results

This section presents simulation results to confirm the theoretical analysis

presented earlier. In these simulations we compare the results of the proposed

analysis (EEA) and of the standard analysis (IA-based) with empirical results derived

from computer-based LMS simulations, that mirror the actual behavior of the LMS. The

analysis that better matches the empirical result presents a more accurate prediction

of the LMS performance. The empirical curves were obtained by computing the LMS

behavior for K independent Monte Carlo trials.

In the following experiments, the elements of the initial vector w⋆(0) are equal

to unity, and the adaptive coefficient vector are initialized with zeros. The zero-mean

perturbation vector q(k) is white and Gaussian. Furthermore, their elements are

statistically independent from the remaining random variables, which is coherent with

the adopted Markovian model. Unless stated otherwise, u(k) and the noise ν(k) are

zero-mean, white and Gaussian. The input signal is generated by filtering a zero-mean

unitary Gaussian signal using the filter B(z) = 1 − 0.8z−1, in order to demonstrate that

the advanced analysis does not require a white input signal.

Fig. 12 depicts the evolution of the expected value E[w0(k)] along the iterations,

for a scenario where N = 5, M = 2, β = 0.075, and σ2
ν = σ2

q = 10−2 . Since it is

related to first-order statistics, one usually does not expect significant divergence between

simulated and theoretical curves, even under IA. Fig. 12 demonstrates that this is not

always the case, because the large value of β in this configuration (relative to the stability

upper bound) emphasizes the discrepancy of empirical results w.r.t. the standard model

(i.e., one based on IA). From Fig. 12, we can see that larger discrepancies happen in

the beginning of the simulation, which was also observed in Chapter 4, which considers

nonlinearities in the ideal plant. At iteration 25, the IA-based simulation expected value

is around 15% higher than the EEA and empirical expected values.

Under stable operation, the MSE curve usually monotonically decreases up to

some point, after which the algorithm reaches the steady-state operation. For some

scenarios, though, as the one presented in Fig. 13, this description is inaccurate, but

EEA can predict the correct behavior. Again, this phenomenon was also observed in

Chapter 4, and it is also encountered in tracking setups.
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Figure 12 – Evolution of E[w0(k)], with 106 independent Monte Carlo trials.

10 20 30 40 50 60 70

Iteration number

−4

−2

0

2

M
S
E
(d
B
)

IA

EEA

Empirical

Figure 13 – Evolution of the MSE (in dB). The empirical results were obtained by the
usage of K = 1010 independent Monte Carlo trials.

As an example, consider the configuration N = 3, σ2
ν = 10−3 and σ2

q = 10−2.

Fig. 13 presents the MSE variation through the iterations for this configuration. In this

scenario, EEA predicts an initial stage in which the algorithms experiment a performance
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Figure 14 – Divergence probability as a function of β. The empirical curve (in blue) was
obtained by the use of K = 104 independent Monte Carlo trials.

worse than the one obtained during initialization. Fig. 13 shows that this theoretical EEA

forecast matches with the experimental curve, since the empirical curve shows an MSE

increase in the first iterations. The standard analysis, on the other hand, is not capable

of predicting the MSE increase and instead shows a more conventional behaviour where

MSE always decreases.

Consider a scenario with N = 3, M = 2, σ2
q = 10−2, σ2

ν = 10−3, which illustrates

the advantage of our method in the determination of an accurate step size upper bound

that avoids divergence. For each step size value, the LMS runs for 1000 iterations. The

realization is assumed to experience instability if, in a specific realization, at least one

adaptive parameter exceeds the threshold of 10 (i.e., |wi(k)| > 10). Using K = 104

independent trials, it is possible to estimate the divergence probability for each step size in

a experimental manner. Fig. 14 shows the result of this estimation, that is, the probability

of divergence as a function of β for this scenario, in solid line, along with the theoretical

upper bound on β advocated by both IA and EEA analyses. The upper bound is obtained

by the larger β value for which the magnitude of the maximum eigenvalue of the transition

matrix is less than unity [50]. Note that the EEA upper bound actually avoids divergence,

when it is not violated, whereas the IA-based upper bound on β is not trustworthy, since

it results in approximately 70% of of divergence probability.
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The asymptotic MSE for different values of the step size β is shown in Fig. 15,

for a case where N = 6, M = 1, σ2
ν = 10−8 and L = 5. The colored additive noise is

generated by filtering an white Gaussian noise by the following filter

A(z) = 1− 0.8z−1 + 0.8z−2 − 0.7z−3 + 0.6z−4. (128)

As expected, Fig. 15 shows that larger step sizes lead to lower accuracy of IA-based

analysis. That is, with the IA-based analysis we are not able to precisely predict the

asymptotic MSE for β higher than 0.05.

The misadjustment, given by

M(k) ,
E[e2(k)]− σ2

ν

σ2
ν

, (129)

is another important criterion used to asses the filter performance. The misadjustment is

directly related to the excess MSE. In Fig. 16 we plot the evolution of the misadjustment

considering N = 3, M = 2, L = 1, β = 0.082, σ2
ν = 10−2, and σ2

q = 10−8. In this

scenario, IA does not predict the misadjustment increase, in the first iterations which is a

behavior similar to the one seen in Fig. 13. Using EEA, on the other hand, we are capable

of correctly computing the misadjustment. Even in steady-state, the IA-based analysis

predicts that the misadjustment is 0.5 dB smaller than actually is.

As a final observation, Equation (35) is a particular case of a linear time-invariant

state space equation

y(k + 1) = Ay(k) + b, (130)

where y(k) = E [w̃(k)], A = I − βR, and b = 0. As has been clarified, the state space

formulation is crucial in the novel models proposed in this thesis. IA-based analysis

predicts that the misadjustment is 0.5 dB smaller than actually is.

Fig. 17 presents the steady-state MSE, but for a scenario with N = 2, σ2
ν = 10−3,

and σ2
q = 10−2. The curves of both Figs. 15 and 17 are important because they convey

information that can be used as a guideline for the choice of the best step size (i.e., one

that yields the lower asymptotic MSE). Note that in Fig. 17 the adoption of the IA-based

analysis leads to the misconception that the best step size is close to 0.14, but from

the empirical results one can see that this step size value is actually located near the

instability region. The EEA, on the other hand, predicts precisely the steady-state MSE for
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Figure 15 – Steady-state MSE as a function of the step size. The empirical curve was
generated with K = 105 independent Monte Carlo trials.

each step size, allowing for the designer to choose a β that results in the optimal MSE in

practice. Additionally, the impact of the Markovian noise q(k) can be assessed through

decomposition (118), because the asymptotic MSE can be decoupled by a sum of two

easily distinguishable contributions:

lim
k→∞

MSE(k) = MSEss,std + MSEss,q, (131)

where MSEss,q (i.e., the tracking delay [102]) isolates the influence of the perturbation

q(k), whereas MSEss,std coincides with the steady-state mean squared error of the

stationary case. The decomposition results are presented in Figs. 18 and 19. Fig. 18

depicts MSEss,q with respect to different β values. From Fig. 18 we can see that the

standard analysis is not able to accurately model the impact of large step sizes, which

is also valid for MSEss,std, as depicted in Fig. 19. It is interesting to note that such a lag

contribution is not β-decreasing, as argued by some papers (e.g., [102]). Furthermore,

notice, by comparing Figs. 17, 18 and 19, that the contribution of MSEss,q is much more

significant to the overall MSE (Fig. 17), under the considered setting.

The ability of the EEA to determine the optimal step size even in a high

nonstationary scenario (i.e., one with a large σ2
q ) can be seen in Fig. 20, in which
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Figure 16 – Misadjustment evolution (in dB). The empirical results were obtained by the
usage of K = 107 independent Monte Carlo Trials.
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Figure 17 – Steady-state MSE as a function of the step size. The empirical curve was
generated with K = 106 independent Monte Carlo trials.

the distribution of the signal u(k) is Laplacian2. This experiment was performed with

2The Laplacian distribution was chosen to demonstrate that the advanced model does not require a
Gaussian input signal



78

0.05 0.10 0.15 0.20

β

−9

−8

−7

−6

−5

−4

−3

−2

−1

S
te
ad
y-
S
ta
te

M
S
E
(d
B
)

IA

EEA

Figure 18 – Theoretical steady-state MSEss,q w.r.t. β using the configuration of Fig. 17.
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Figure 19 – Theoretical steady-state MSEss,std w.r.t. β using the same configuration of
Fig. 17.

N = M = 2 and σ2
ν = 10−3. In view of the unimodality of the steady-state MSE as a

function of β (see Fig. 17), for each value of σ2
q a ternary search was used to obtain the

β that minimizes the empirical steady-state value of the MSE. In addition, EEA indicates
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Figure 20 – This plot shows the optimal step size choice in function of σ2
q . A total of 105

independent Monte Carlo trials were used to achieve the empirical results.

a proper step size value that optimizes asymptotic performance.

As stated in Section 5.5, the employment of a fixed step size value is often not

an optimal choice, due to the inherent trade-off between convergence rate, asymptotic

performance and instability issues. The impact of using the deterministic variable step

size (VSS) derived in Section 5.5 can be seen in Fig. 21, which presents the evolution

of a theoretical sequence β(k), obtained using Version I of the VSS method described

in Section 5.5. The considered setup employs N = 3, M = 2, σ2
ν = 10−4 and σ2

q =

10−4. It should be emphasized that the standard model suggests a larger step size for

enhanced performance, whereas our proposal indicates a more conservative step size

magnitude, which is coherent with the discussion presented in3 [52]. Furthermore, the

different sequences do not converge asymptotically to zero, due to the fact that the use of

infinitesimally small step sizes hampers the tracking capabilities of the adaptive algorithm.

The effectiveness of the optimal deterministic step size sequence obtained using

both theoretical models is assessed in Fig. 22. This figure depicts the resulting empirical

MSE evolution obtained by the utilization of the referred sequences. The employment of

the sequence suggested by the standard model tends to induce divergence in practice,

especially in the first phase of learning, which is again coherent with the results of [52].

3However [52] does not address the LMS tracking abilities.
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Figure 21 – Theoretical sequences β(k) obtained by EEA and IA analyses.

Although the divergence occurs with low probability (which explains the elevated number

of independent Monte Carlo trials used in the experiment in order to capture its effects),

this is due to a catastrophic failure whose avoidance is crucial in practice. We can

also see from Fig. 22 that by using the EEA sequence, MSE reaches steady-state

approximately 50 iterations before the solution that uses the IA sequence.

Fig. 23 shows deterministic step size sequences (for both standard and advanced

models) for Version II of the VSS technique derived in Section 5.5, which allows for

distinct step size values for each adaptive coefficient. The figure setup has the following

specifications: N = 3, M = 2, σ2
ν = 10−4, and σ2

q = 10−4. Once again, the

standard model suggests a more aggressive step size policy, in order to maximize the

convergence rate. In theory, this type of step sizes may induce divergence, since an IA-

based technique does not infer correctly the upper bound of β that avoids instability, as

demonstrated in Fig. 14. The sequences suggested by both analyses can be compared

by the empirical evaluation of the different step size sequences. This scenario, the same

of Fig. 23, is shown in Fig. 24 which reveals that the theoretical step size sequence

engineered by an IA-based stochastic model behaves in a far-from-optimal manner. On

the other hand, with the EEA sequence the MSD, shown in Fig. 24, decreases throughout

the iterations, as desired. By using the EEA sequence, MSD reaches steady-state
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Figure 23 – Theoretical sequences βi(k) (for i ∈ {0, 1, . . . , N − 1} prescribed by standard
(IA) versus advanced (EEA) analyses.

performance around the 80-th iteration mark, by contrast, when utilizing IA generated

sequence, 140 iterations are necessary to reach a similar MSD value.
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Figure 24 – Evolution of the empirical MSD (in dB) in the same scenario of Fig. 23, using
the step size sequences suggested by IA- and EEA-based analyses. The empirical results
were obtained by the usage of K = 107 independent Monte Carlo trials.

5.7- Conclusions

This chapter presents a comprehensive model of the tracking capabilities of the

LMS algorithm, using an EEA-based approach that does not assume neither a white nor a

Gaussian input signal. The model is able to accurately predict first-order and second-

order learning behaviours of the LMS, as well as to provide proper step size upper

bounds that effectively avoid stability issues. Furthermore, it provides proper guidelines

for a step size value choice that optimizes performance, even when a “condition of slow

variations” [102] of the ideal plant is not satisfied.

Additionally, the advanced stochastic model is capable of engineering a

theoretical step size sequence that optimizes the overall LMS performance, and even

the restriction of an equal step size for each adaptive coefficient can be removed, in a

similar way to what proportionate algorithms do. The evaluation of such sequences in

order to avoid divergence issues in practice is an important feature, since it may help the

design of data-dependent variable step size algorithms.

The avoidance of the independence assumption is what lends EEA both its
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significance and limitations. The former derives from the ability to accurately predict

algorithm performance when the step size attains large values or when the unknown

plant has a significant non-stationary characteristic. EEA main constraint derives from its

high algebraic complexity, which limits the range of scenarios the advanced analysis can

model.
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6- Exact-Analysis Based Estimation of the Weight Error

Covariance Matrix

6.1- Introduction

One of the first tasks in the analysis of high-dimensional estimation is to compute

the covariance matrix [103], which provides a representation of the uncertainties of the

estimation procedure [104]. In the context of adaptive filtering, the weight error covariance

matrix (WECM) is a key parameter that determines how the filter adapts to changing

input statistics and noise levels. This is because it provides an objective estimate of the

uncertainties in the estimated filter coefficients. Thus, the WECM, defined as (see (38))

Rw̃(k) , E
[
w̃(k)w̃T (k)

]
(132)

is very important for the characterization of the learning abilities of an adaptive filter (see,

e.g., Eqs. (39)-(40)).

In this context, [105] states:

“There are many situations where additional statistical information about the

weight vector would be useful. These cases include the detection of a narrow-

band line component in background noise using the weight vector as a test

statistic, using the filtered output as a test statistic, and time delay estimation.

The algorithm has been used as a canceller as part of a spread spectrum

communication system. The output of the canceller acts as the input to

a matched filter binary decision device. Knowledge of the statistics of the

canceller output is crucial to predicting error probabilities for the system. Most

often, via a central limit argument, it is assumed that the test statistic and/or

the weights are Gaussian”.

This excerpt emphasizes the common assumption that the adaptive weights are

sampled according to a multivariate normal distribution. Under this scenario, a possible
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sparseness of the WECM provides valuable information about independence and conditi-

onal independence properties. Thus, the WECM encode complete information about

such properties, whereas for general distributions, they merely reveal correlations and

partial correlations between variables. The second moment matrix and its inverse for

multivariate normal distributions also contain complete information about independence

and conditional independence properties, which is another attractive feature of these

distributions. Specifically, a zero entry in the covariance matrix’s ij-th position indicates

that variables i and j are independent, while a zero entry in the precision (inverse covarian-

ce) matrix’s ij-th position indicates that the two are conditionally independent [106].

Furthermore, the WECM provides information about the convergence behavior of

the filter and the trade-off between convergence speed and steady-state error. Therefore,

a more accurate estimate of the WECM can provide insights into the behavior of the

algorithm being modeled. Obtaining a more accurate estimate of the weight error covarian-

ce matrix can help allocate the computational resources more efficiently by providing

information about the degree of uncertainty in the estimated filter coefficients.

An accurate estimate of the weight error covariance matrix can also be used

to infer statistical properties of the adaptive estimator. For example, by examining the

estimated covariance matrix one can see if the variances of the deviation terms are equal.

The ubiquitous independence assumption provide some theoretical predictions

w.r.t. the WECM. For example, most models assume that the off-diagonal elements of the

WECM decrease monotonically to 0, so that the deviations are supposedly asymptotically

uncorrelated [107]. Convergence studies often concentrate on the asymptotic properties

of the diagonal elements of the WECM, as the excess MSE is a linear combination of

these elements [108].

The adoption of the independence assumption usually introduces some symmetry

in the theoretical asymptotic WECM. Thus, for example, assuming gaussianity of the input

signal and traditional assumptions, (47) (reproduced here for didactic reasons) presents

the following recursion for the WECM:

Rw̃(k+1) = Rw̃(k) − β
[
RRw̃(k) +Rw̃(k)R

]
+ 2β2RRw̃(k)R+ β2R

{
σ2
ν + Tr[RRw̃(k)]

}
,

(133)

where, it should be noted, matrix R is symmetrical.

Another standard result states that the WECM can be recursively computed accord-
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ing to [3]

Rw̃(k + 1) = (I − βR)Rw̃(k)(I − βR) + β2JminR, (134)

where Jmin denotes the minimum obtainable MSE. The symmetries presented in (133)

and (134) engender structured asymptotic solutions for the WECM. Such a fact could be

seen more clearly in the asymptotic identity [109]:

lim
k→∞

RRw̃(k) +RRw̃(k)R = F , (135)

where F is the following “excitation matrix”:

F =

∞∑

l=−∞

E [ν(k)ν(k − l)]E
[
x(k)xT (k − l)

]
, (136)

which, in the case of white process ν(k), leads to the following closed-form solution for

the WECM [109]:

lim
k→∞

Rw̃(k) =
1

2
σ2
νI. (137)

Result (137) helps to explain in a intuitive manner some traditional theoretical

findings. For example, frequently the WECM is assumed to be approximately uncorrelated

from tap to tap [110]. Further, under a white input signal, the WECM is supposed to be

a diagonal matrix, with all of its diagonal elements supposed to be equal [111]. Such

predictions are obtained from usual stochastic approximations, and they could be refined

with the more sophisticated tools brought about by the exact expectation analysis.

Thus, given the importance of the WECM, in this chapter the exact expectation

analysis is employed to obtain a more accurate estimate of the LMS algorithm’s WECM.

Since the elements of the WECM are a subset of the state variables required for the

MSE computation of the exact expectation method, the adaptation of the EEA is rather

straightforward. It should be noted that the number of equations of the analysis can be

smaller than the traditional setting, since there are less state variables to be recursively

computed.

The theoretical analysis presents some findings, which are confirmed by simula-

tions. In a sense, the results to be presented are a tribute to the sophistication of the

learning process of the LMS algorithm, as they show that the actual behavior of the

algorithm can deviate from that predicted by classical analyses, even in simple configura-

tions.
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6.2- Scenarios

In the following, the steady-state WECM (SS-WECM) of several scenarios are

considered. Three distinct SS-WECM are computed: (i) the empirical one (EMP-SS-

WECM, obtained through simulations); (ii) the classical one (IA-SS-WECM, computed

with the independence assumption); and (iii) the WECM obtained with the exact expecta-

tion analysis (termed as EEA-SS-WECM).

The settings of the distinct scenarios are summarized on Table 4. In all scenarios,

the optimum filter is w⋆
i = 1, for i ∈ {0, 1, . . . , N − 1}, apart from scenario 6, where

all settings are similar to scenario 5, but w⋆
i which in this case is w⋆

i = 10, for i ∈
{0, 1, . . . , N − 1}. Since we are interested in asymptotic operation, it is not expected

a significant influence of the optimal solution in the WECM. The number of equations

demanded for each scenario is presented in Table 5.

# Scenario N M L β σ2
ν Nsamples H(z) w⋆

i

1 3 2 1 0.075 10−6 107 1− 0.9z−1 1
2 3 2 2 0.075 10−6 107 1− 0.9z−1 1
3 4 2 1 0.05 10−6 106 1 1
4 5 1 1 0.075 10−6 107 1 1
5 6 1 1 0.055 10−6 106 1 1
6 6 1 1 0.055 10−6 107 1 10

Table 4 – Properties of the scenarios. Nsamples denotes the number of independent Monte
Carlo trials. H(z) is the coloring filter of the input signal.

# Scenario # Equations (IA) # Equations (EEA) Steady-state iteration
1 6 698 299
2 6 830 299
3 10 9578 649
4 15 5313 199
5 21 49695 399
6 21 49695 399

Table 5 – Number of equations required for the linear state space equation for the
considered scenarios, and the number of the iteration considered for the asymptotic
operation.
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6.2.1 Scenario 1

In Scenario 1, the IA-SS-WECM is given by:








5.826× 10−8 −4.5× 10−9 4.091× 10−10

−4.5× 10−9 5.867× 10−8 −4.5× 10−9

4.091× 10−10 −4.5× 10−9 5.826× 10−8








(138)

Note that E
[
w̃2
0(k)

]
and E

[
w̃2
2(k)

]
(the initial and the final element of the main

diagonal) are supposed to be equal. This symmetry, as discussed in Section 6.1, is

frequent when the independence assumption is adopted.

In the same scenario, the EEA-SS-WECM tells us a bit different story:








6.556× 10−8 1.051× 10−9 1.86× 10−9

1.051× 10−9 6.97× 10−8 −1.786× 10−9

1.86× 10−9 −1.786× 10−9 7.873× 10−8








(139)

Note that the EEA-SS-WECM predicts that E
[
w̃2
i (k)

]
6= E

[

w̃2
j (k)

]

, when i 6= j,

which implies that the supposed symmetry is indeed a byproduct engendered by the

independence assumption. Further, the EEA predicts that E
[
w̃2
2(k)

]
> E

[
w̃2
1(k)

]
>

E
[
w̃2
0(k)

]
, and that E [w̃0(k)w̃2(k)] (i.e., 1.86×10−9) is much larger than the value predicted

by the traditional method (4.091×10−10), indicating that distinct deviations are much more

correlated than presumed by traditional analyses. This fact means that the stochastic

coupling between the adaptive weights is actually much more intricate than standard

analyses portray.

The EMP-SS-WECM (i.e., the WECM obtained through actual executions of the

LMS) in this scenario is given by








6.358× 10−8 2.066× 10−9 1.296× 10−9

2.066× 10−9 6.76× 10−8 −8.467× 10−10

1.296× 10−9 −8.467× 10−10 7.342× 10−8








(140)

In order to facilitate some comparisons, Table 6 presents the results in a distinct

manner. Note that the simulations confirm the EEA prediction that E
[
w̃2
2(k)

]
> E

[
w̃2
1(k)

]
>
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E
[
w̃2
0(k)

]
. The empirical moments E

[
w̃2
0(k)

]
, E

[
w̃2
1(k)

]
and E

[
w̃2
2(k)

]
are 9,1%, 15%

and 26% larger (respectively) than the traditional estimates, whereas the EEA estimates

exceeds the empirical correlations by 3,1%, 3,1% and 7,2% (respectively). Thus, it is

possible to conclude that the EEA displays a much higher level of adherence to empirical

outcomes. Please observe that the total absence of symmetry in the theoretical estimate

is a feature of the proposed analysis, which has no precedent in the literature regarding

LMS.

It is much more challenging to obtain strong empirical evidence in the case of

cross-correlations between distinct deviations since such correlations are much smaller

than the ones located in the main diagonal of the WECM. But, even with a finite number of

Monte Carlo trials, the experimental correlation E [w̃0(k)w̃2(k)] (1.296×10−9) is more than

three times that predicted by the traditional method, an effect that is captured by the EEA

analysis (whose estimate, 1, 89× 10−9, exceeds the empirical estimate by approximately

40%). Figure 25 depicts the MSD evolution for the three considered curves, indicating

that EEA is the most suitable analysis for the asymptotic operation.

E [w̃i(k)w̃j(k)] IA EEA EMP
E
[
w̃2
0(k)

]
5.826× 10−8 6.556× 10−8 6.358× 10−8

E
[
w̃2
1(k)

]
5.867× 10−8 6.97× 10−8 6.76× 10−8

E
[
w̃2
2(k)

]
5.826× 10−8 7.873× 10−8 7.342× 10−8

E [w̃0(k)w̃2(k)] 4.091× 10−10 1.86× 10−9 1.296× 10−9

Table 6 – Results for Scenario 1.
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Figure 25 – MSD (dB) for Scenario 1.

6.2.2 Scenario 2

The major contrast between Scenario 2 and Scenario 1 is that the former, as

opposed to the latter, includes colored measurement noise. In Scenario 2, the IA-SS-

WECM is given by:








1.054× 10−7 −8.204× 10−9 6.984× 10−10

−8.204× 10−9 1.061× 10−7 −8.204× 10−9

6.984× 10−10 −8.204× 10−9 1.054× 10−7







, (141)

where once again a symmetry is observed, given that E
[
w̃2
0(k)

]
= E

[
w̃2
2(k)

]
= 1.054 ×

10−7.

In the same scenario, the EEA-SS-WECM is








1.234× 10−7 −2.98× 10−8 1.803× 10−9

−2.98× 10−8 1.11× 10−7 −3.003× 10−8

1.803× 10−9 −3.003× 10−8 1.257× 10−7







, (142)
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which implies that the statistical correlations between distinct deviations is much more

intense than the one predicted by IA. Such a finding can be confirmed by the respective

EMP-SS-WECM, which is








1.23× 10−7 −3.036× 10−8 1.061× 10−9

−3.036× 10−8 1.085× 10−7 −2.848× 10−8

1.061× 10−9 −2.848× 10−8 1.214× 10−7







. (143)

Table 7 suggests that the EEA-SS-WECM fits the data better than IA-SS-WECM.

For instance, EEA predicts that E[w̃0(k)w̃1(k)] is −2.98× 10−8, which is 3.63 times larger

than the value predicted by traditional analysis (−8.204 × 10−9). The simulated value of

E[w̃0(k)w̃1(k)] is −3.036 × 10−8, just 1.88% above the value predicted by the advanced

analysis. In addition, EEA predicts that E
[
w̃2
0(k)

]
is 17.08% above the value estimated

by IA. The simulations uphold this finding, revealing a value for E
[
w̃2
0(k)

]
that is 16.70%

higher than the prediction made by traditional analysis.

E [w̃i(k)w̃j(k)] IA EEA EMP
E
[
w̃2
0(k)

]
1.054× 10−7 1.234× 10−7 1.23× 10−7

E
[
w̃2
1(k)

]
1.061× 10−7 1.11× 10−7 1.085× 10−7

E
[
w̃2
2(k)

]
1.054× 10−7 1.257× 10−7 1.214× 10−7

E [w̃0(k)w̃1(k)] −8.204× 10−9 −2.98× 10−8 −3.036× 10−8

E [w̃0(k)w̃2(k)] 6.984× 10−10 1.803× 10−9 1.061× 10−9

E [w̃1(k)w̃2(k)] −8.204× 10−9 −3.003× 10−8 1.214× 10−7

Table 7 – Results for Scenario 2.

6.2.3 Scenario 3

Scenario 3 uses a filter of size N = 4, larger than the size adopted in Scenarios 1

and 2. In this scenario, the IA-SS-WECM is given by:











3.483× 10−8 −1.605× 10−9 2.033× 10−10 6.838× 10−11

−1.605× 10−9 3.503× 10−8 −1.537× 10−9 2.033× 10−10

2.033× 10−10 −1.537× 10−9 3.503× 10−8 −1.605× 10−9

6.838× 10−11 2.033× 10−10 −1.605× 10−9 3.483× 10−8











, (144)
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where the expect symmetry also happens, since E
[
w̃2
0(k)

]
= E

[
w̃2
3(k)

]
, E

[
w̃2
1(k)

]
=

E
[
w̃2
2(k)

]
and E [w̃0(k)w̃1(k)] = E [w̃2(k)w̃3(k)], for example. Put differently, classical

analysis constrains the freedom of the WECM to a greater extent than the constraint

imposed by the symmetry of the WECM.

In the same scenario, the computation of EEA-SS-WECM leads to











3.499× 10−8 −2.159× 10−10 2.002× 10−10 8.654× 10−11

−2.159× 10−10 3.534× 10−8 −6.934× 10−11 4.258× 10−10

2.002× 10−10 −6.934× 10−11 3.539× 10−8 −4.636× 10−10

8.654× 10−11 4.258× 10−10 −4.636× 10−10 3.537× 10−8











, (145)

whereas the EMP-SS-WECM is











3.472× 10−8 −3.137× 10−10 1.299× 10−10 8.762× 10−11

−3.137× 10−10 3.491× 10−8 −1.35× 10−10 3.428× 10−10

1.299× 10−10 −1.35× 10−10 3.496× 10−8 −2.054× 10−10

8.762× 10−11 3.428× 10−10 −2.054× 10−10 3.44× 10−8











. (146)

Table 8 demonstrates two scenarios in which the IA-SS-WECM’s estimation of

the joint moment misses the empirical value by an order of magnitude. Conversely, EEA

yields estimates that are much closer to the simulated values, always within the same

order of magnitude.

E [w̃i(k)w̃j(k)] IA EEA EMP
E [w̃0(k)w̃1(k)] −1.605× 10−9 −2.159× 10−10 −3.137× 10−10

E [w̃2(k)w̃3(k)] −1.605× 10−9 −4.636× 10−10 −2.054× 10−10

Table 8 – Some results for Scenario 3.

6.2.4 Scenario 4

Scenario 4 features a larger filter size (N = 5) compared to the previous scenarios.

This is the first scenario in which the input signal is white. In this case, as observed,

classical analysis tends to generate estimates of very low magnitude for the cross-correla-



93

tion of deviations (i.e., E [w̃i(k)w̃j(k)] for i 6= j). In this scenario, the IA-SS-WECM is given

by:














5.092× 10−8 1.232× 10−13 1.232× 10−13 1.232× 10−13 1.232× 10−13

1.232× 10−13 5.092× 10−8 1.232× 10−13 1.232× 10−13 1.232× 10−13

1.232× 10−13 1.232× 10−13 5.092× 10−8 1.232× 10−13 1.232× 10−13

1.232× 10−13 1.232× 10−13 1.232× 10−13 5.092× 10−8 1.232× 10−13

1.232× 10−13 1.232× 10−13 1.232× 10−13 1.232× 10−13 5.092× 10−8














, (147)

which makes a strong prediction: that all cross-correlations are equal to 1.232× 10−13.

On the other hand, EEA-SS-WECM assumes that such cross-correlations have

significantly higher (and heterogeneous) magnitudes, depicting a much richer learning

behavior:














5.102× 10−8 2.96× 10−11 −4.416× 10−11 2.254× 10−11 −6.17× 10−11

2.96× 10−11 5.064× 10−8 3.466× 10−11 2.08× 10−11 2.147× 10−11

−4.416× 10−11 3.466× 10−11 5.034× 10−8 3.149× 10−11 4.696× 10−11

2.254× 10−11 2.08× 10−11 3.149× 10−11 5.005× 10−8 2.244× 10−11

−6.17× 10−11 2.147× 10−11 4.696× 10−11 2.244× 10−11 4.968× 10−8














(148)

The EMP-SS-WECM computed in this scenario is as follows:














5.101× 10−8 4.916× 10−12 −3.739× 10−11 7.144× 10−12 −3.448× 10−11

4.916× 10−12 5.063× 10−8 3.611× 10−11 3.229× 10−11 3.522× 10−11

−3.739× 10−11 3.611× 10−11 5.035× 10−8 4.145× 10−11 5.355× 10−11

7.144× 10−12 3.229× 10−11 4.145× 10−11 5.005× 10−8 2.622× 10−11

−3.448× 10−11 3.522× 10−11 5.355× 10−11 2.622× 10−11 4.970× 10−8














.

(149)

The EMP-SS-WECM corroborates the findings of the exact analysis, validating

that the stochastic coupling among the various deviations is far more intricate than implied

by conventional analysis. It is worth noting that in some cases, classical analysis (and

only classical analysis) even gets the sign of the joint moment wrong, such as in the

estimates of E [w̃0(k)w̃2(k)] and E [w̃0(k)w̃4(k)].
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6.2.5 Scenario 5

In Scenario 5, an even larger filter size is observed (i.e., N = 6). In this scenario,

the IA-SS-WECM is given by:





























3.525× 10−8 9.562× 10−20 9.562× 10−20 9.562× 10−20 9.562× 10−20 9.562× 10−20

9.562× 10−20 3.525× 10−8 9.562× 10−20 9.562× 10−20 9.562× 10−20 9.562× 10−20

9.562× 10−20 9.562× 10−20 3.525× 10−8 9.562× 10−20 9.562× 10−20 9.562× 10−20

9.562× 10−20 9.562× 10−20 9.562× 10−20 3.525× 10−8 9.562× 10−20 9.562× 10−20

9.562× 10−20 9.562× 10−20 9.562× 10−20 9.562× 10−20 3.525× 10−8 9.562× 10−20

9.562× 10−20 9.562× 10−20 9.562× 10−20 9.562× 10−20 9.562× 10−20 3.525× 10−8





























,

(150)

whereas the EEA-SS-WECM is given by





























3.528× 10−8 1.659× 10−16
−3.721× 10−11 1.255× 10−16

−4.317× 10−11 1.48× 10−16

1.659× 10−16 3.514× 10−8 1.889× 10−16
−1.981× 10−11 1.806× 10−16

−2.631× 10−11

−3.721× 10−11 1.889× 10−16 3.501× 10−8 2.341× 10−16
−6.932× 10−12 1.179× 10−16

1.255× 10−16
−1.981× 10−11 2.341× 10−16 3.49× 10−8 1.719× 10−16 4.568× 10−12

−4.317× 10−11 1.806× 10−16
−6.932× 10−12 1.719× 10−16 3.478× 10−8 1.382× 10−16

1.48× 10−16
−2.631× 10−11 1.179× 10−16 4.568× 10−12 1.382× 10−16 3.463× 10−8





























.

(151)

Comparing the EEA-SS-WECM with IA-SS-WECM, it can be observed that the

exact analysis predicts that the off-diagonal elements of the WECM have a much higher

magnitude than predicted by classical analysis. This finding is confirmed by the computed

EMP-SS-WECM:




























3.527× 10−8 9.484× 10−13
−5.0262× 10−11 2.528× 10−13

−5.334× 10−11 8.317× 10−12

9.484× 10−13 3.514× 10−8
−1.258× 10−11

−2.08× 10−11 1.51× 10−12
−2.954× 10−11

−5.02× 10−11
−1.258× 10−11 3.503× 10−8 1.853× 10−12

−2.397× 10−11 1.212× 10−11

2.528× 10−13
−2.08× 10−11 1.853× 10−12 3.493× 10−8

−2.811× 10−11 3.357× 10−11

−5.33× 10−11 1.51× 10−12
−2.397× 10−11

−2.811× 10−11 3.478× 10−8
−1.688× 10−12

8.317× 10−12
−2.954× 10−11 1.212× 10−11 3.357× 10−11

−1.688× 10−12 3.463× 10−8





























.

(152)

It is worth mentioning, however, in this case that even the exact analysis occasionally

misjudges the order of magnitude of the cross-correlations of the deviations. Nonetheless,

in all cases, the error of the exact analysis is lower than that of the classical analysis.

It can be noticed that with the increase in N , there appears to be a tendency for a

reduction in the magnitude of correlations between different deviations. Thus, even with
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the adoption of a large number of independent Monte Carlo trials (i.e., 106 trials), it is

challenging to compute a reasonable approximation of such small numbers.

6.2.6 Scenario 6

The key difference in Scenario 6 compared to the previous scenarios lies in the

optimal values of the adaptive coefficients (all of which are now set to 10). The purpose

of this scenario is to determine whether there is a notable difference in the asymptotic

behavior when the final values of the filters change. Intuitively, after convergence, the

variance and deviations’ correlations are not highly sensitive to the values around which

the adaptive estimator oscillates (as LMS is an unbiased algorithm). The objective of the

simulations in this scenario is to validate or refine such intuition.

In this scenario, the IA-SS-WECM is given by:





























3.525× 10−8 9.562× 10−18 9.562× 10−18 9.562× 10−18 9.562× 10−18 9.562× 10−18

9.562× 10−18 3.525× 10−8 9.562× 10−18 9.562× 10−18 9.562× 10−18 9.562× 10−18

9.562× 10−18 9.562× 10−18 3.525× 10−8 9.562× 10−18 9.562× 10−18 9.562× 10−18

9.562× 10−18 9.562× 10−18 9.562× 10−18 3.525× 10−8 9.562× 10−18 9.562× 10−18

9.562× 10−18 9.562× 10−18 9.562× 10−18 9.562× 10−18 3.525× 10−8 9.562× 10−18

9.562× 10−18 9.562× 10−18 9.562× 10−18 9.562× 10−18 9.562× 10−18 3.525× 10−8





























,
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whereas the EEA-SS-WECM gives us:





























3.528× 10−8 1.659× 10−14
−3.719× 10−11 1.255× 10−14

−4.316× 10−11 1.48× 10−14

1.659× 10−14 3.514× 10−8 1.889× 10−14
−1.979× 10−11 1.806× 10−14

− 2.63× 10−11

−3.719× 10−11 1.889× 10−14 3.501× 10−8 2.341× 10−14
−6.915× 10−12 1.179× 10−14

1.255× 10−14
−1.979× 10−11 2.341× 10−14 3.49× 10−8 1.719× 10−14 4.579× 10−12

−4.316× 10−11 1.806× 10−14
−6.915× 10−12 1.719× 10−14 3.478× 10−8 1.382× 10−14

1.48× 10−14
−2.63× 10−11 1.179× 10−14 4.579× 10−12 1.382× 10−14 3.463× 10−8





























(154)
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The EMP-SS-WECM in this scenario is given by





























3.531× 10−8
−1.489× 10−11

−3.799× 10−11
−1.79× 10−11

−4.126× 10−11 3.896× 10−13

−1.489× 10−11 3.514× 10−8
−1.876× 10−13

−1.877× 10−11 1.069× 10−12
−4.442× 10−11

−3.799× 10−11
−1.876× 10−13 3.502× 10−8 3.381× 10−12

−1.722× 10−11
−2.047× 10−11

−1.79× 10−11
−1.877× 10−11 3.381× 10−12 3.489× 10−8 1.175× 10−12 2.373× 10−11

−4.126× 10−11 1.069× 10−12
−1.722× 10−11 1.175× 10−12 3.476× 10−8

−1.029× 10−12

3.896× 10−13
−4.442× 10−11

−2.047× 10−11 2.373× 10−11
−1.029× 10−12 3.464× 10−8





























,

(155)

from which we can extract very similar conclusions to those of Scenario 5. The results of

this scenario support the intuition that the statistical properties of the adaptive estimator

in steady-state are reasonably unaffected by the optimal value of the coefficients.

6.3- Concluding Remarks

In this chapter, the exact analysis was employed for a different purpose than in

the other chapters: to predict asymptotic characteristics of the deviation autocorrelation

matrix that classical analysis is unable to accurately predict. The WECM provides more

statistical information than metrics such as MSE and MSD, which can be useful in situa-

tions where the adaptive filter is adopted to predict a narrowband component or for some

statistical test. In addition, it was observed that exact analysis outlines a much richer

asymptotic behavior of the adaptive estimator than traditional analyses assume. Further,

one concludes that several symmetries found in WECM prediction through classical analy-

sis are actually artifacts produced by the assumption of independence. It was also

observed that the stochastic coupling between the adaptive weights can be quite different

from that predicted by these analyses. The experiments confirmed the indications of the

exact analysis that the cross-correlations between these deviations seem to decrease as

the filter size increases. Lastly, such couplings (or, more precisely, the joint moments)

do not appear to be sensitive to the optimal value of these coefficients, which aligns with

what is expected from traditional stochastic models.

This chapter concludes the chapters of original contributions in the thesis. The

next chapter serves as the final conclusion of the thesis, encompassing the final remarks

and providing an overview of potential future work.
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7- Conclusions

Adaptive filtering algorithms implement widely employed online estimators that

exploit statistical relationships from recorded and processed data. When successful,

they furnish the information of interest after a learning process that typically occurs in

a recursive manner. Although their flexibility guarantees their attractiveness in a plethora

of applications, their feedback mechanism makes them nonlinear processors, even when

their filtering structure, assuming fixed weights, respects the superposition principle.

Unfortunately, most analyses of adaptive filtering algorithms suffer from two impor-

tant restrictions: i) model uncertainty, since features such as non-linearity of the plant

the adaptive filter aims to estimate are commonly disregarded, and ii) accuracy losses

when the step size assume large values. The latter issue is caused by the usage of

the ubiquitous independence assumption, which states that excitation data is statistically

independent from the adaptive weights. This thesis extended the exact expectation

analysis method (which avoids the independence assumption). The advanced models

take into account important non-idealities that occur in practice, such as non-linearity

in the system that the adaptive filter intends to emulate and nonstationary environments

(which was addressed in Chapter 4). Some interesting phenomena regarding a worsening

of the learning in the first phase of the learning are inferred from the model. Simulations

are carried out and reveal that the resulting theoretical analysis predicts the behavior of

the least mean squares algorithm in the square sense in an accurate manner. Further-

more, it provides a reliable operation region where the algorithm self adaptation is stable

and may offer a deterministic sequence of step size values that maximizes actual perfor-

mance of the LMS.

The EEA was extended to address a non-stationary plant in Chapter 5. The

model results in a linear state space model that predicts the learning behavior of the

LMS when the ideal plant varies according to a first-order Markovian model. The model

closely follows the experimental curves, even when the step size is not small or when

the unknown system has a highly nonstationary degree. The asymptotic operation was

decoupled in a closed-form manner as the a sum of tracking-related terms and steady-

state quantities related to the stationary setting. A deterministic optimization that derives
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a sequence of distint step sizes (one for each adaptive tap) was advanced, whose superiori-

ty was confirmed by simulations.

Chapter 6 utilizes the EEA aproach to derive the asymptotic WECM of the LMS

algorithm. The resulting predictions depicts a much more subtle scenario of stochastic

coupling among deviations than the one offered by traditional analyses. Symmetries in

the joint moments E [w̃i(k)w̃j(k)] are demonstrated to be mere artifacts produced by the

independence assumption. Further, distinct deviations can be much more correlated than

assumed by standard models, which sometimes even get the sign of the joint moment

wrong. All these findings were corroborated by computational experiments.

Some directions in this topic are regarded as especially promising. One of them is

to investigate whether it is possible to construct an intermediary analysis method, which

assumes a weak formulation of IA in order to require a smaller computational burden

than the one demanded by the EEA. Other alternative is to address higher-order statistics

(such as the fourth-order), in order to predict, for example, whether the variance of the

MSE grows without limit, even when the MSE does not diverge.
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